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Abstract 

The explicit (all-order in fermions) form of the kappa-symmetric D 3 brane probe 
action was previously found in the two maximally supersymmetric type 11B vacua: flat 
space and AdS§ x S 5 . ffere we present the form of the action in the third maximally 
supersymmetric type I1B background: gravitational plane wave supported by constant 
null 5-form strength. We study D 3 brane action in both covariant and light cone kappa 
symmetry gauges. Like the fundamental string action, the D 3 brane action takes a simple 
form once written in the light cone kappa-symmetry gauge. We also consider the M = 4 
SYM theory in 4 d plane wave background. Since some (super)symmetries of plane wave 
SYM action are friendly to (super)symmetries of the type 1IB superstring in plane wave 
Ramond-Ramond background we suggest this SYM model may be useful in the context 
of AdS/CFT duality. We develop the Hamiltonian light cone gauge formulation for this 
theory. 
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1 Introduction 


Recently, new maximally supersymmetric solution of IIB supergravity with Ramond- 
Rarnond flux was found [1], It turns out that the light cone gauge Green-Schwarz super¬ 
string action on this background is quadratic in both bosonic and fermionic superstring 2d 
fields, and therefore, this model can be explicitly quantized [2], On the other hand, in [3] 
it was proposed that this superstring in plane wave background corresponds to a certain 
(large R-charge) sector of the Af = 4 SYM theory. Given that the plane wave superstring 
model can be quantized explicitly [2, 4] one can study the duality correspondence between 
string states and gauge theory operators at the string-mode level [3]. This new duality [3] 
(which can be understood also from the point of view of semiclassical approximation to 
the original AdS/CFT setting [5, 6], see for review [7]) turned out to be very fruitful. It 
renewed interest in various aspects of string/gauge theory correspondence and triggered 
many investigations both on the gauge theory and string theory sides. On the string the¬ 
ory side many new interesting more general solutions to IIA and IIB super gravities were 
found and corresponding world-sheet superstring actions were constructed [8]. Remark¬ 
ably simple structure of plane wave background admits also to construct string superfield 
theory [9, 10, 11] in plane wave background hence giving first example of string held the¬ 
ory on curved background 1 . On the gauge theory side various matrix models techniques 
were developed and applied to the study of new duality [20, 21, 22], 

According to the idea of string/gauge theory duality each state of string theory can be 
associated to some operator of gauge theory [23]. For the case of the type IIB superstring 
on AdS$ x S 5 Ramond-Ramond background the dual theory should be Af = 4 supersym¬ 
metric Yang-Mill theory (SYM) “living” at the boundary of AdS$ [24], This boundary 
can be taken to be hat Minkowski space time or any space-time which is obtainable from 
the Minkowski space-time by a conformal transformation. All such theories have the 
same global conformal supersymmetries generated by the psu(2,2\4) superalgebra which 
on the string theory side is realized as the algebra of super-isometries of the AdS+RR 
background. Thus in the case of the AdS string we have the same superalgebra in the 
bulk and at the boundary. 

Now let us turn to the plane-wave version (or “limit”) of the superstring - gauge 
theory duality. Here we still deal with (a sector of) the Af = 4 SYM, (as it is this 
theory that we want to study), i.e. on the gauge theory side we have again psu{ 2, 2|4) 
as defining superconformal algebra. In contrast to the original AdS string case, however, 
this superalgebra no longer coincides with the algebra of global symmetries of the plane 
wave background, i.e. the plane wave superstring and the Af = 4 SYM have different 
algebras of global symmetries. 2 One may argue that this is not surprising since we should 
restrict our attention only to a particular sector of (large R-charge) states of SYM theory 
on which a smaller symmetry may be acting. 

1 Surprisingly the plane wave superstring field theory can be successfully used for a study of new 
string/gauge theory duality [12]. Discussion of Penrose limit and plane wave duality for AdS$ x T 1,1 and 
various orbifolds like AdS 3 x S 5 /Zn may be found in [13],[14]. Non-supersymmetric OB theories and 
theories with 2V =1,2 supersymmetries were studied [15] and [16]. Plane wave duality for ads 3 x s 3 and 
for various gauge theories in six dimensions were investigated in [17],[18]. Study of strings in RR plane 
wave background at finite temperature is given in [19]. 

2 Indeed, the symmetry superalgebra of plane wave superstring is obtainable from psu{ 2, 2|4) superal¬ 
gebra via a contraction procedure [25]. Interesting discussion of this contraction procedure at the level 
of oscillator construction may be found in [26]. 


1 



Still, it is reasonable, and this is what we are going to do in this paper, to look for 
a subset of symmetries in the plane wave superstring and SYM theories which can be 
matched. Here by matching the symmetries we simply mean a coincidence of commuta¬ 
tion relations of the symmetry generators on the string theory side and the appropriate 
generators on the SYM side. It seems very likely that in order to increase the number of 
matching symmetries as much as possible we should consider the SYM theory not in flat 
but in a 4 d plane wave background. Another attractive feature of plane wave SYM is a 
discrete spectrum of the light cone energy operator. As is well known spectrum of the light 
cone energy operator of plane wave superstring is also discrete [4], Therefore is it natural 
to expect that it is the plane wave SYM theory that is most appropriate for establishing 
a precise correspondence with plane wave superstring 3 . This is our motivation for the 
study of A/" = 4 SYM theory in plane wave background. 

Another closely related theme of this paper is the structure of D 3 brane action in plane 
wave Ramond-Ramond background. Our interest in the form of the D 3 brane action is 
due to the following reasons. First, as is well known, the action for a D 3 brane probe in 
plane wave background respects the same symmetries as the plane wave superstring, and 
after imposing appropriate kappa symmetry gauge and static gauges to be discussed below 
the quadratic part of the D 3 brane action describes the abelian A/" = 4 SYM multiplet 
propagating in 4 d plane wave background. In this quadratic approximation some of the 
original symmetries of the lOd plane wave become broken. In other words, the study of 
the D 3 brane action suggests a natural way how to formulate the plane wave SYM theory. 

The second reason for our interest in D 3 brane action is related to the desire to 
apply the supercoset method developed in [28, 29] (see also [30]) to the study of the 
D 3 brane dynamics. The low-energy action of a probe D-brane in a curved type II 
supergravity background is given by a superspace generalization of the sum of the Born- 
Infclcl action and a Wess-Zumino type term (similar in form to the curved superspace 
version of the Green-Schwarz string action [31]). While the formal expression for such 
an action in a generic on-shell type II supergravity background is known [32, 33, 34], its 
explicit component form is hard to determine (explicit solution of superspace constraints 
is not known in general). Resorting to expansion in powers of fermions it is cumbersome to 
go much far beyond terms quadratic in the fermions (see [35, 36]). There are, however, a 
few exceptional cases where there is a lot of symmetry allowing one to explicitly determine 
the full structure of the supervielbeins and held strengths, and thus the form of the D- 
brane actions to all orders in the fermions. The two previously studied cases are the 
maximally supersymmetric hat space [33] and the AdS§ x S 5 background [29]. Here we 
shall find the explicit form of the D 3 brane action 4 in the third maximally supersymmetric 
type IIB background - the symmetric gravitational wave supported by the constant null 
5-form strength [1], Note that alternative way to derive plane wave D 3 brane action is 
to consider AdS supersymmetric D 3 brane action [29] in the Penrose limit. Discussion 
of this approach for the bosonic part of various Dp brane actions may be found in [37]. 
We do not use this approach for the study of supersymmetric D 3 brane action because it 

3 4 d plane wave background can be obtained via Penrose limit from the space-time R x S 3 which is 
used for a study of AdS holography. Therefore one can expect that the 4 d plane wave background is 
most appropriate for the study holographical issues of the new duality. Various discussions of plane wave 
holography may be found in [27]. 

4 We shall consider primarily the D 3 brane action though similar actions can be found for all other 
Dp branes of type IIB theory. 
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does not make explicit use of the basic (super)symmetries of the problem. 

As in the case of the D 3 brane in AdS§ x S 5 [29], we shall find the explicit form of the 
D 3 brane action using the supercoset approach [28]. It was already used in [2] in order 
to find the complete form of the fundamental GS string in the plane wave background. 5 
We shall then see that like the fundamental string action [2], the D 3 brane action takes 
quite simple form when written in the light cone kappa symmetry gauge. 6 

We shall first determine the form of the action for a generic embedding of a D 3 brane 
in the plane wave background (i.e. we shall not make a particular choice of a static 
gauge). Then we will be able to see explicitly in principle which D 3 brane orientations 
preserve some parts of supersymmetry (following, e.g., the general approach of [45] and 
the analysis [46] of the BPS brane states in the AdS$ x S 5 case). A related discussion 
of supersymmetry of particular Dp brane probe orientations in plane wave background 
appeared in [47, 48].' 

In Section 2 we find supersymmetric and k invariant action of D 3 brane in plane wave 
Ramond-Ramond background. Most of this section follows closely the same strategy as 
was used in the AdS 5 x S 5 case in [29]. 

In Section 3 we study covariant k symmetry gauge and static gauge fixed D 3 brane 
action. We discuss broken and unbroken symmetries of such brane action. 

In Section 4 we discuss light cone kappa symmetry gauge fixed D 3 brane action. 

In Section 5 we study psu( 2, 2|4) superalgebra in various bases. We introduce notion 
of plane wave basis of this superalgebra and discuss interrelation of this basis with the 
conventional Lorentz basis. 

In Section 6 we discuss the covariant and gauge invariant formulation of J\f = 4 SYM 
in plane wave background. We study realization of 32 plane wave supersymmetries of the 
psu(2,2\A) superalgebra in the covariant formulation of SYM theory. 

In Section 7 we study the Hamiltonian light cone gauge formulation of plane wave 
SYM. We demonstrate that in contrast to covariant and gauge invariant formulation the 
3-point and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the 
same form as the ones of SYM in flat Minkowski space-time. 

Section 8 is devoted to a study of realization of global symmetries of psu( 2, 2|4) superal¬ 
gebra on the physical fields. We find held theoretical realization of Noether (super)charges 
as generators of the psu( 2, 2|4) superalgebra. 

In Section 9 we discuss transformation rules of physical fields in the framework of light 
cone formulation. 

Section 10 summarizes our conclusions and suggests directions for future research. 

Our notation and conventions are explained in Appendices A and B. Appendix C 

5 The supercoset construction turned out to be very effective and fruitful and was used to construct 
AdS(3) and AdS( 2) superstring actions [38], [39], D 1 and D 5 brane actions in various super AciS'+RR 
backgrounds [40], and various AdS supermenrbrane actions [41]-[43]. Dual D 3 AdS brane action in the 
framework of supercoset construction were discussed in [44]. 

6 Our expression for the D 3 brane action in the fermionic light cone gauge may be of interest also in 
the flat-space limit, as it has simpler structure than the corresponding covariant kappa symmetry gauge 
action in [33]. 

7 Microscopic open-string approaches to construction of supersymmetric Dp branes in the plane wave 
background were developed in [49] (see also [50] for the corresponding discussion of branes in lid case). 
Study of Dp brane interactions in the framework of microscopic approach may be found in [51]. Derivation 
of conformal operators which are dual to open strings states ending on D 5 branes may be found in [52]. 
Interesting discussion of realization of Dp brane dynamics in plane wave background is given in [53]. 
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contains some basic relations for Cartan 1-forms on the coset superspace. Appendix D 
contains some additional details about transformation rules of physical fields of plane 
wave SYM and generalization to plane wave massless higher spin fields. 

2 General form of D3 brane action 

The D 3 brane action depends on the coset superspace coordinates X = (x-, 0) and vector 
held strength F ab = d a A b — d b A a . As in [32, 33, 34], it is given by the sum of the BI and 
WZ terms 

S = J d A aC , £ = £bi + £wz , (2.1) 

where (we set the 3-brane tension to be 1) 

£bi = —\/—det(G ab + F a &) , 

Avz — d 1 H 5 . 

The induced world-volume metric G ab is (a, 6 = 0,1, 2, 9) 

G ab = KL £, If(X(v)) = do*I£, (2.4) 

where ZA are Cartan 1-forms (see Appendix C for definition of Cartan 1-forms). The 
supersymmetric extension F = | F ab da a A da b of the world-volume gauge held strength 
2 -form gL 4 is found to be 8 

F = dA + 2i f 1 dt L't A © 7 /i r 3 L f , (2.5) 

Jo 

where L b \x, 0) = ZA(x, 60), Lf (x, 0) = L“(x, 60) (we suppressed the spinor indices a in 

(2.5)). The ©-dependent correction term in (2.5) given by the integral over the auxiliary 

parameter t is exactly the same 2-form as in the string action [2] (see also [28, 29] 9 ). This 
representation corresponds to the specihc choice of coset representative made above. Note 
that while F is not expressible in terms of Cartan forms only, its exterior derivative is 

dF = iL A L A t 3 L , L a/3 = ZAy^. (2.6) 

This important formula can be proved my making use of the Maurer-Cartan equations 
(C.4) - (C.5) and equations (C.13)-(C.16) from Appendix C. As a result, <ZF is manifestly 
invariant under supersymmetry, and then so is F, provided one defines appropriately the 
transformation of A to cancel the exact variation of the second (string WZ) term in (2.5) 
(cf. [32, 33 ]). 10 

As in hat space [32, 33], the super-invariance of S'wz follows from supersymmetry of 
the closed 5-form ZZ 5 . We shall determine the supersymmetric ZZ 5 from the requirement of 

8 For fermionic coordinates we assume the convention for hermitian conjugation and permutations 
rules ( 6182 )^ = 6*201j 0 A 2 = — 8281 , while for fermionic Cartan 1-form we adopt (Li A £ 2 )^ = — L\ A L\, 
L\ A L 2 = L 2 t\L\. For bosonic Cartan 1-forms we adopt the convention B\ A B 2 = —B 2 A B\. 

9 Discussion of alternative representation for WZ part of GS action may be found in [54]. Various 
alternative covariant formulations of plane wave superstring action are given in [55]. 

10 Note that this is the same transformation that is needed to make the superstring action [2] defined 
on a disc and coupled to A at the boundary invariant under supersymmetry. 


( 2 . 2 ) 

(2.3) 
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k,- symmetry of the full action S which hxes this 5-form uniquely. The ^-transformations 
are dehned by (see (C.9)) 

5> = 0, C0 = K, (2.7) 

where the transformation parameter satishes the constraint 

TK = K, T 2 = 1. (2.8) 


Here F is given by 


r 


—det(G a b + F ab ) 


^4j7a i ...a 4 ' r 2 T ^faia<Y 0 , 30 , 1 H T gF aia2 F a3a4 T2^ 


(2.9) 


and we use the notation 


7ai ...an = L[ ai ■ ■ ■ L an \ , L a = . (2.10) 

The corresponding variation of the metric G ab is 

8 K G a b = ~ 2ih K ©(T a L 6 + L b L a ), (2-11) 

while the variation of F is given by 

<5 k F = 2i 5 K BL A t 3 L , i.e. 6 K Fab = 2\8 K Q{L a T 3 L b - L b r 3 L a ). (2.12) 

Then the D 3 brane action S in (3.1) is ^-invariant provided the 5-form H 5 is given by 

H 5 = iL A ALA Lt 2 + F A Lr-^j A L 

+ ^ (e h ~ M L + A L h A ... A L h + A L 1 ' 1 A ... A . (2.13) 

It is possible to check using Maurer-Cartan equations (see Appendix C) and well-known 
Fierz identity 11 


L A Y up t 2 L ALA f>L = 2L A ALA Y ] t 3 L (2.14) 


that Hi 5 is closed, i.e. the equation (2.3) is consistent and thus determines £wz- 

The important fact is that H b is expressed in terms of the Cartan 1-forms and super¬ 
invariant F only. This implies that H 5 is invariant under space-time supersymmetry. Then 
from (2.3) we conclude that 8 susy (d~ 1 H 5 ) is exact, so that the WZ term (2.3), like the BI 
term ( 2 . 2 ), is supersymmetry-invariant. 

To put the fermionic part of the WZ term in the action in a more explicit form let us 
make a rescaling 0 —> f© and define 


H$t = H 5 |e^t© , F t = F|e^ t ©. (2-15) 

Since L(x,tt'Q) = L t (x,t'B ) = L tt >(x,Q) one can show that (cf. (2.5),(2. 6 )) 

F t = cL4 + 2i f dt BLf A T 3 Lt' , dtFt = 2i BLt A t 3 Lt . (2.16) 

Jo 

11 Throughout this paper symmetrization and anti-symmetrization rules are defined with normalization 
(ab) = ^(ab + ba), [ab} = pab — ba). 
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Then using the defining equations for the Cartan 1-forms (C.13)-(C.16) one finds from 
(2.13) the following differential equation 


dtHst = d 


2i(—@L t A L t A L t A T 2 Li + QL t AF t A 7iL t ) 
o 


(2.17) 


which determines the ©-dependence of H$. With the initial condition 


{H 5t ) t= 0 = #51e=o = Ht se) = ye+ A (e^-'V 1 A ... A e* 4 + A ... A e*) , (2.18) 


f 


where are (pull-backs of) the viclbein forms of plane wave background. The explicit 
form of the ©-independent part = d~ 1 H^ buhC ' > depends on a particular choice of 

coordinates on plane wave background. Thus the £wz term in (2.3) can be written as 


£wz — 2i dt QLt A Lt A Lt A r 2 Li + QLt A Ft A TiLf) + £ wz 


( bose ) 


(2.19) 


Using (2.16) and expansion of Cartan 1-forms in terms of © (see Appendix C and [2]) one 
can then find the expansion of £ W z in powers of ©. 

The only non-trivial background fields in plane wave vacuum are the space-time met¬ 
ric and the self-dual RR 5-form. The bosonic parts of the last two terms in H§ (2.13) 
represent, indeed, the standard bosonic couplings of the D 3 brane to the 5-form back¬ 
ground. The action we have obtained contains also the fermionic terms required to make 
this coupling supersymmetric and k- invariant. 

We started with the BI action expressed in terms of the Cartan 1-forms and the 2-form 
in (2.5) [2] as implied by the structure of the plane wave space or the basic symmetry 
superalgebra. We then fixed the form of from the requirement of ^-symmetry of the 
full action. As in the AdS§ x S 5 case [29], the fact that we have reproduced the bosonic 
part of the self-dual 5-form is in agreement with the result of [32, 34] that the D 3 brane 
action is ^-symmetric only in a background which is a solution of type IIB supergravity. 

Let us briefly discuss global plane wave supersymmetries and k symmetries of D 3 
brane action. The supersymmetry transformations of (super)coordinates brane fields x-, 
©, A = A a d<j a can be presented as Taylor series expansion in fermionic field © which 
terminates at terms © 32 in general. The leading terms of this expansion we will need 
below are fixed to be 


SsusyX- = iej( (5 SUS2/ 0)7 Al © + O(0 3 ), (2.20) 

Ssusy © = e(x) + O(0 2 ), (2.21) 

8 susy A = ie^^fVa© + O(0 3 ), (2.22) 

where the Killing spinor e(x) is given by 

e(x) = Ue 0 , U = exp(-^x / n 7 + 7 / T 2 ) exp(-^(r + n 7 + 7 - T 2 ). (2.23) 


The supersymmetry transformations for (super)coordinates x- and © (2.20),(2.21) are 
fixed via standard coset construction. The supersymmetry transformations for brane 
world-volume field A (2.22) is chosen then so that the generalized field strength F (2.5) 
be invariant with respect to supersymmetry transformations 

SsusyF = 0 . (2.24) 
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The k transformations given in (2.7) can be expressed in terms of conventional variation of 
super(coordinates) S K x- and S K 0 by using formulas (C.9) and the expressions for Cartan 
1 -forms given in (C.17) 


(UA=—ie£(<S K 0 ) 7 Al 0 + O(0 3 ), 

(2.25) 

40 = K + O(0 2 ), 

(2.26) 

4 A = -i e ^(d K 0)^r 3 0 + O(0 3 ). 

(2.27) 


Here the kappa-transformation of world-volume field A is chosen so that the kappa- 
transformation of generalized field strength F (2.5) takes the form given in (2.12). 


3 Gauge fixed D 3 brane action 

D 3 brane action can be simplified by fixing local fermionic kappa and world-volume 
diffeomorphism symmetries. Various possibilities to fix these symmetries can be divided 
into two classes - covariant and noncovariant gauges. In this Section we find the form of 
the D 3 brane action in the plane wave background with R-R 5-form flux in the covariant 
gauge. Our discussion of the covariant gauge fixing closely repeats the same steps as in 
ref. [33], where the case of flat space-time was treated. 

In flat space the D 3 brane gauge fixing procedure consists of the two stages: 

(I) fermionic covariant gauge choice, i.e., fixing the ^-symmetry by 9 1 = 0 

(II) bosonic covariant gauge choice, i.e., fixing the world-volume diffeomorphism sym¬ 
metry by x a (cr) = <j a12 . 


3.1 k symmetry covariant gauge fixed action 

Our fermionic ^-symmetry covariant gauge is the same as in flat D 3 brane 6 1 = 0. One 
usually imposes the ^-symmetry covariant gauge by starting with the explicit representa¬ 
tion for the D 3 brane Lagrangian in terms of 6' s. However it is convenient to first impose 
the covariant gauge at the level of the Cartan forms L l \ L° and then to use them in (2.1). 
In what follows we adopt this strategy . 13 

By applying argument similar to the ones in [33] we impose the following covariant 
kappa symmetry gauge 


6 1 = 0, d 2 = \, i.e. 0 



(3.1) 


Because the D 3 brane action (2.1) is expressible in terms of Cartan 1-forms we should 
simply to evaluate the Cartan 1-forms in this gauge. This can be done straightforwardly 
by using representation for the Cartan 1 -forms given in Appendix C (see (C.17)-(C.19)) 
and plugging there the expression for 0 given in (3.1). This leads to the following Cartan 
1 -forms 


. sinhrri ^ 

L =- VO, 

m 


V‘ = e*-2ier c ° shm ~ 1 ve, 


nr 


(3.2) 


12 Discussions of alternative covariant bosonic gauge choices may be found in [56]. 

13 This strategy was first successfully used in [57],[30] while deriving ^-symmetry fixed action for long 
superstring in Ad,S§ x S 5 and for K-symmetry fixed light cone AdS superstring in [4]. Application of this 
method to plane wave superstring may be found in [2]. 
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(3.3) 


where covariant derivative is simplified as compared with (C.18) and is given by 


D 0 = 


\ _ T 1 


D h X 


D h = d + , 

4 


while the matrix m is 


rn 2 = 


0 —if(IIy + y /i A) a (Ay M ) i a 

if(y + y /i A)“(Ay At n ) / 3 0 


(3.4) 


In contrast to the matrix A4 (C.19) which enters definition of general Cartan 1-form the 
gauge fixed matrix m turns out to be off-diagonal. This considerably simplify structure 
of gauge fixed action. In order to enter definition of action we evaluate gauge fixed 2-form 
F which is given by F = F t= i 

F t = dA — 2i [ dt' \L t t A Li , (3.5) 

Jo 

where L 2 is the second component of L (see (3.2),(C.2)). The expressions above given 
define BI part the action (2.2). Gauge fixed WZ part of the action can be obtained from 
(2.19) 

£wz = 2 i [ dt ( - J\L> A £ < A UA + xl > A F, A lA + d ^ e >. (3.6) 

Above given expression provides possibility to find expansion of D 3 brane action in terms 
of fermionic field. Note however that though the gauge fixed action is much more simpler 
than the covariant one there is no natural way to integrate out parameter t in expressions 
for F t and Cwz to bring action to completely explicit form 14 . Total Lagrangian can 
presented as Taylor series in field strength F ab and the fermionic field A 


C = A + £ 2 + £3 + A + 0(F 3 A 2 , F A J , A 6 ), 


(3.7) 


where 

A = -V5 + 4I7’, (3.8) 

A = Vg(-\F° b F ai + i^ArfiA) - 4 £ “ M eK e M(A7'"" , n 7 + r A), (3.9) 

A, = i^F^\rD L t \ + ^"iAeK^IF^A), (3.10) 


A = - A(F“*F„ t ) 2 

- iF ac F b c e^XY X + l -F bc F bc e» a XY D\X 

+ Y Dh ‘ xx ^ D « x + Y‘ xrD ‘ X)2 ~ «WA l aaa"a l a) 

+ - TeJA7"n;A)(A7'“''n 7 +7"A) 

+ i £ «“<e^?A7<’B;A(A7"n7 + 7''A) + V9^A7 + '‘”AA7 + '«'A. (3.11) 

14 This minor problem can be by passed in light cone gauge. 



In these formulas g a b is a bosonic body of the induced world-volume metric G a b (2.4) 


9a i = ejef, e 11 = ArVJ, g = -detj«j. 


(3.12) 


The above given representation for Z13 brane action is valid for arbitrary coordinate on 
plane wave background. The explicit form of the bosonic body of WZ part of the action, 
C^ e> , depends on a particular choice of coordinates on plane wave background. We chose 
the coordinate frame in which viclbeins e^ take the form 


e + = dx + , e 1 = dx 1 , 


f 2 

e = dx - x I x I dx + , 

2 


(3.13) 


For this particular choice of coordinates we get the following representation for C 


( bose ) 
WZ 


P (bose) 

L -wz 


—e 
6 


abed 


d n x + (e ljkl x l d b x j d c x k d d x l + e l ' j ' k ' 1 ' x 1 ' d b x j ' d c x k ' d d x l 


while the induced metric tensor takes the form 


(3.14) 


g ab = 2 d( a x + d b )X - i 2 x I x I d a x + d b x + + daX 1 dbX 1 . (3.15) 

In what follows we assume this particular choice of the coordinates. We normalize the 
Levi-Civita symbols to be e 0129 = e 1234 = e 56 ' 8 = 1. Note that as f —» 0 the expansion for 
C shown in (3.8)-(3.11) reduces to the one in the flat space time (see [33],[58]). 


3.2 Static gauge fixed D 3 brane action and its symmetries 

Our static gauge being the same as in flat space leads to the action of self-interacting 
abelian J\f = 4 SYM in 4 d plane wave background. In this section we study realization of 
bosonic symmetries of static gauge fixed brane action. We demonstrate that only isometry 
symmetries of 4 d plane wave background plus R-symmetries 50(2) x SO 1 (4) are realized 
linearly while the remaining bosonic symmetries are realized non-lincarly. In this respect 
the situation is similar to the one in flat space. Because number of isometry symmetries 
in 4 d plane wave background is equal to seven we note that number of linearly realized 
space-time symmetries is equal to number of linearly realized R-symmetries 15 . 

Making field redefinitions and introducing conventional notation for six scalar fields 


x— (a) —> — x— (cr) , cj) M (a) =—x M (a), m = 0,1,2,9; M — 3,..., 8 , (3.16) 

we impose the standard static gauge 

x^(a) = 6fa a = a^, a = 0,1,2,9, (3.17) 

where S^ 1 = 1(0) for m = a(m =f a). Introducing light cone coordinates on D 3 brane 

15 This is not the case in flat space. After imposing the static gauge in the D 3 brane action the 
Poincare symmetries of ten-dimensional Minkowski space-time reduces to the 10 linearly realized Poincare 
symmetries of 4 d Minkowski space, 15 linearly realized R-symmetries of ,80(6) plus certain non-linearly 
realized symmetries. Thus in the flat space the number of linearly realized space-time symmetries is not 
equal to the number of linearly realized R-symmetries. 
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* = 1 , 2 , 


(3.18) 


/ _9 I 0\ i 

(<r ± a ) , cr , 

and inserting the static gauge into (3.15) we get the gauge fixed induced metric 16 

9™„ = sS - f W'ft# + d,n<P M d R <p M , (3.19) 

where is a metric tensor of 4d plane wave background 

g^^da-da- = 2da + da~ — f 2 a l a l da + da + + da l dcr l . (3.20) 

Taking into account the formula (3.19) we see that if we will treat as background 
held and make Taylor series expansion with respect to remaining terms, f 2 (j) 2 and (d(f >) 2 , 
then the static gauge fixed D 3 brane action will be manifestly invariant with respect to 
isometry symmetries of 4 d plane wave background. It is natural to expect then that these 
isometry symmetries are realized linearly. To demonstrate this point explicitly we consider 
transformations of brane fields with respect to original plane wave symmetries in ten 
dimensions. This is to say we start with global plane wave transformations supplemented 
with local diffeomorphism transformation 

8x£ = t G ± + (? daX £ y (3.21) 

where £ G ^ is Killing vector corresponding to plane wave global transformation generated 
by element of algebra denoted by G. Representation of the Killing vectors in term of 
differential operators G = t°-d x iL is given in (B.10)-(B.13). From the requirement that 
the transformation (3.21) maintains the static gauge (3.17), 8x— = 0, we fix parameter of 
compensating transformation 

e— = —£ g — . (3.22) 

Plugging this into (3.21) we get transformation rules of six scalar fields 

5 G x M = £ gm - ^ G -drn_x M . (3.23) 

Making use of concrete representation for Killing vectors plane wave background (B.10)- 
(B.13) we get the following transformations with respect to transverse translations and 
Lorentz boosts 



8^ a i P i^x M = cosf x + a M — (cosfrc + a 1 <3- + f sinf x + (a I x I )d + )x M , (3.24) 

5 {b i J+ i )X M = smi * + b M - ( Smi { X+ b% - cos ix + (b 1 x I )d + )x M , (3.25) 

where a 1 and b 1 are parameters of the appropriate transformations. Plugging the static 
gauge (3.17) into transformation rules (3.24),(3.25) we see that the transformations gen¬ 
erated by P l and J +l 

16 After choice of static gauge the indices m,n are used for target space vectors while indices a,b are 
used for tangent space vectors. These vectors are related as A— = efrA a , where e ^ is inverse to the 
basis of one forms e a = e^dx—, = 5 b a . The basis of e° is specified to be e + = dx + , e l = dx l , 

e~ = dx~ — (f 2 /2)a l a l dx + . 
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(3.26) 

(3.27) 


8 p i(f) M = (cosf( t + < 9- + f sin fcr+ a 1 d + )(f) M , 

8j+i(j) M = ( Sm ^ a d- - cosfa + a l d + )(p M , 

are realized linearly and coincide with transformation of isometry algebra of 4 d plane 
wave background. It is easy to check that transformations generated by translations in 
light cone directions P+ and 5*0(2) x 50(2) x 50'(4) rotations generated by J 12 , J 34 , 
J'' 3 ' which are obtainable from (3.21), are also realized linearly. The generators P+, P\ 
J +l and J 12 form algebra of isometry symmetries of 4 d plane wave space-time while the 
generators J 34 , J 13 are responsible for /^-symmetries, which are 50(2) x 50'(4) rotations. 

The transformations of remaining six translations P N and six Lorentz boosts J +N 
take the form 

S a NpN(j) M = cos fcr+a M — f sin fcr + a N (j) N d + (j) M , (3.28) 

5 b Nj+N(j) M = ' S ^ n | Cr b M + cosf<r + b N (j) N d + (j) M , (3.29) 

and these transformations are obviously broken and realized non-linearly. 

Broken and unbroken (super)symmetries of kappa symmetry and static gauge fixed 
D 3 brane action are collected in Table 1. 

TABLE 1: Broken and unbroken (super)symmetries of kappa symmetry and static gauge 
fixed D 3 brane action 


Generators of 
plane wave 
superalgebra 

Generators of 
unbroken 
symmetries 

Generators of 
broken 
symmetries 

P+, P~ 

P+, P~ 


P 1 , 7 = 1,... 8 

P\ i=l,2 

P M , M = 3,... ,8 

J +I , 1 = 1,. ..,8 

J +i , i = 1,2 

J+ M , M = 3,... ,8 

J ii , *,7 = 1, ■••,4 

J 12 , J 34 

J 13 , J 14 , J 23 , J 24 

P' j \ i\j' = 5,..., 8 

J 1 ' 3 ', i',j' = 5,..., 8 


QloQl, « = i, • • •, 16 

Q'Co + Q 2 

Q'Co - Q 2 


It is instructive to find commutation relations of generators of unbroken symmetries. 
These commutation relations can be obtained from the ones of the plane wave superalgebra 
given in (B.1)-(B.8). Bosonic generators form symmetries of 4 d plane wave space-time 
and R-symmetries. All that is required is to find (anti)commutators involving unbroken 
supercharge 

Q = Co = 7 _+12 • (3.30) 
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Commutation relations of bosonic generators with this supercharge take the form 


[J 5a ,Q«] = -^Q»(7 +34 7 a )' J «, (3.31) 

where we have to keep just the so( 2) © so( 2) part of given by J 12 , J 34 . The anticom¬ 
mutator of supercharges corresponding to unbroken supersymmetries is given by 

{Qa,Q/?} = ~2KpP a + 2if7^ 34i J +i 

+ 2 if( 7 +n) Q/3 J 12 - 2if 7 + /3 J 34 - if ■ (3.32) 

These (anti)commutation relations tell us that generators of unbroken symmetries form 
some subsuperalgebra of the original plane wave superalgebra. We demonstrated that the 
unbroken bosonic symmetries are realized linearly. As to the unbroken supersymmetries it 
is not obvious that they can also be realized linearly by appropriate choice of parametriza- 
tion of fermionic fields. For the case of static gauge fixed D 9 brane in flat space-time it is 
known that these supersymmetries are realized non-linearly [59, 60]. Because D 3 brane 
has the same amount of unbroken supersymmetries it seems highly likely that the D 3 
brane unbroken supersymmetries are also realized non-linearly. 


jQh©'©. ©, q;1 = 2QJ(7 + A 


3.3 D 3 brane friendly form of abelian J\f = 4 SYM in plane wave 
background 

Now we study the D 3 brane action in quadratic approximation in fields. Looking at the 
part of D 3 brane action given by £ 0 and C 2 (see (3.8),(3.9)) one can expect appearance 
of some mass like terms for fermionic and bosonic scalar fields. Therefore in quadratic 
approximation in fields the D 3 brane action reduces to the standard action of free abelian 
J\f = 4 SYM in plane wave background plus some mass like terms for both the fermionic 
and bosonic scalar fields. It is instructive to understand structure of these mass-like terms. 
This is what we are doing in this section. 

In static gauge this part of D 3 brane action is obtainable from £ 0) C 2 given in (3.8), 
(3.9). Introducing the notation 


= V2X , 


Z =—(</>* +icf>*) 


z = ^ - k 


(3.33) 


we get the following Lagrangian for abelian spin one field = 8^ A a , four real-valued 
scalars (j ) 1 ', one complex-valued scalar Z, and the sixteen component real-valued one-half 
spin fermionic field ^ 

C = C st + A£ , (3.34) 

where C st stands for the standard Lagrangian of abelian J\f = 4 SYM theory in 4 d plane 
wave background 


Cst = ~\F--F m n - - g-'-drnZd r± Z - ^7 ~D]J> , (3.35) 
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(3.36) 


D^ = drn--a t 'y +t S^, 
while A C describes unusual mass-like terms 


7- = ef 7 “, 


A C = -2if (Zd + Z - Zd + Z ) - ^B/Y +3 V 


(3.37) 


Note that C st is obtainable from the kinetic part of D 3 brane action (2.2) while the mass¬ 
like terms AC are coming from WZ part of brane action (2.3). Thus modulo unusual 
mass-like terms for the complex-valued scalar fields Z and fermionic field if we get the 
Lagrangian for abelian Af = 4 SYM theory in 4 d plane wave background. It turns out 
that these unusual mass-like terms depend on field redefinitions. Indeed making use of 
the field redefinition 


Z -»• e i(w+2){a+ Z, if -»• e^^^if , (3.38) 

where w is a constant parameter we get the Lagrangian (3.34) with the following mass 
terms 

• r 

AC = iwf (Zd + Z - Zd + Z ) + ^^7 +3 V , <9+ = d/da~ . (3.39) 

Thus we see that mass-like terms depend on the parameter of fields redefinition w. A 
scheme in which AC takes the form given in (3.39) we shall refer to as w-scheme. 

The Lagrangian given in (3.35),(3.37) was derived directly from the Lagrangian of the 
D 3 brane and it corresponds to w = —2 scheme. Therefore this scheme we shall refer to 
as D 3 brane friendly scheme. Another scheme, which we shall refer to as conventional 
scheme, does not involve unusual mass-like terms. This conventional scheme is achieved 
by setting w = 0. From the transformation given in (3.38) it is clear that Hamiltonian of 
abelian plane wave SYM in arbitrary w scheme is given by 

p- = F-+f(w + 2)J 34 , (3.40) 

where P~ is the Hamiltonian of plane wave SYM taken to be in D 3 friendly w = —2 
scheme (see (3.35),(3.37)). Peculiar properties of various schemes, D 3 brane friendly and 
conventional ones, can be understood by study of supersymmetry. Let us discuss therefore 
supersymmetry transformations of abelian plane wave SYM. 

Because the 4 d plane wave metric is conformally flat the abelian Af = 4 plane wave 
SYM is invariant with respect to 30 bosonic and 32 supersymmetries. Only fourteen 
bosonic and sixteen supersymmetry transformations of plane wave abelian SYM can be 
derived from unbroken symmetries of D 3 brane action. The fourteen unbroken D 3 brane 
symmetries which are visible in plane wave SYM are shown in Table l 17 . According this 
Table the sixteen supersymmetries of abelian SYM related with unbroken symmetries of 
D 3 brane are generated by supercharge Q (3.30). Taking into account representation for 
the plane wave SYM Hamiltonian P~ (3.40) and the commutators (3.31) we get the fol¬ 
lowing commutators between w-scheme Hamiltonian Pand kinematical and dynamical 
supercharges 

[-Pw.Qt] = f fQJ(7 s4 )' , «. K. Q;] = ^fQj(7 31 )' S « . (3.41) 

17 Remaining D 3 brane 16 bosonic and 16 super symmetries being broken already in static gauge fixed 
D 3 brane action become to be contracted when we restrict D 3 brane action to the action of abelian SYM. 
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where kinematical, Q + , and dynamical, Q , supercharges are defined in standard way 

Q + = ^7"7 + Q, Q” = ^7 + 7“Q • (3-42) 

From the commutators given (3.41) we see that in D 3 brane friendly scheme, w = —2, 
the Hamiltonian of plane wave SYM is commuting with dynamical charges and does 
not commute with kinematical supercharges. Because supermultiplet of SYM theory is 
built out with the help of kinematical supercharges this implies that lowest energy values 
for fields of SYM, Z and ip, are different 18 . On the other hand in conventional 
scheme, w = 0, the Hamiltonian is commuting with kinematical supercharge and does 
not commute with dynamical supercharge. This implies that in conventional scheme all 
fields of SYM have the same lowest energy values. 

To finish discussion of plane wave SYM we write down an explicit form of sixteen 
supersymmetry transformations of abelian SYM which are obtainable from the unbroken 
supersymmetries of D 3 brane 19 



= ie a m ^ a e, 5(j) M = i^ M 6 

> 

(3.43) 

dtp 


- f<yy' 7 + 34 e 



- f(w + 1) (Z'y 2 + Z 7 z ) 7 +34 e, 

I z = ^7f(7 3 + i 7 4 ), 

l 2 = (7 Z )*, (3-44) 


where parameter of transformation e, which is the Killing spinor, satisfies the equation 

ZYe = ^(e a 7 a 7 +34 + we + 7 34 )e , D L = da^D^. (3.45) 

Explicit solution to this equation is fixed to be 

e = exp( W 2 f 7 34 a; + ) exp(—^Y 7 +34 7 *) exp(—^a; + 7 +34 7 _ ) e o , (3.46) 

where eo is a sixteen component real-valued constant fermionic parameter. The w-scheme 
Lagrangian which is invariant with respect to the transformations (3.43), (3.44) is given 
by (3.34),(3.39). 

3.4 Supersymmetries of gauge fixed brane action 

In this section we investigate realization of supersymmetries of kappa gauge and static 
gauge fixed D 3 brane action. We would like to learn which supersymmetries are unbroken 
and which ones become broken. To investigate this problem we study supersymmetry 
transformations of brane fields. In general all original supersymmetry transformations of 
brane fermionic holds (see (2.21)) look like Goldstone type, i.e. they shift the fermionic 
held by constant parameter. It turns out however that it is possible to construct some 
combination of original brane transformations which do not shift the fermionic held by 

18 Alternative way to achieve this conclusion is simply to solve equations of motions. 

19 Note that the supersymmetry transformations obtainable from D 3 brane correspond to w = —2 
scheme. Transformations rules (3.43),(3.44) can be derived then by going from this w = —2 scheme to 
the arbitrary scheme via transformations (3.38). 
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constant parameter and these transformations correspond to unbroken symmetries. All 
the remaining transformations are Goldstone type and they are associated with broken 
symmetries. 

The plane wave supersymmetries of covariant kappa symmetry gauge and static gauge 
fixed brane action can be found following standard procedure [33]. Introducing notation 
H for brane fields (x-, 0, A a ) we start with supersymmetry transformations supplemented 
by local ^-symmetry transformations 


6 5 


J susy •- 


+ 


(3.47) 


The parameter of k transformations is fixed by the requirement that the complete trans¬ 
formation (3.47) maintains the ^-symmetry gauge (3.1) 

SsusyO 1 + SJ 1 = 0 . (3.48) 


Representing the parameters of ^-transformation (2.7), supersymmetry transformation 
e(x) (2.23) and the matrix T (2.9) as 


K" = 





where 


c,c 


p ai ...<24 


\J— det(G a b + F 


ab ) 


/, i 1 

: Tai...a4 


F 4- _ F TT 

CL2*~ a 3 a 4 q a l a 2^ a 3 a 4 


)• 


(3.49) 


(3.50) 


we find that the relations (2.8) imply 

CC = CC = l, k^Ck 2 , k 2 = Ck‘. 


(3.51) 


Taking into account supersymmetry and k transformations for 0 (2.21),(2.26) we get 
from (3.48) solution to ft 1 : ft 1 = — e 1 . In view of (3.51) we conclude that both the local 
k parameters, ft 1 and ft 2 , are expressible in terms of global parameter of supersymmetry 
transformations 

ft 1 = —e 1 , ft 2 = —Ce 1 • (3.52) 

Plugging solution to ft parameters into (3.47) and taking into account transformations 
(2.20)-(2.22),(2.25)-(2.27) and notation (3.1) we get the following supersymmetry trans¬ 
formations of brane fields 


8 A = -ie^(e 2 + Ce 1 )7 /i A, 

(3.53) 

6* = i4(e 2 + CV)rA, 

(3.54) 

AA = e 2 — (e 1 . 

(3.55) 


From the transformation rule given in (3.55) it is clear that the brane fermionic held 
transforms like Goldstone held in general. Note however that this does not imply that 
all supersymmetries are broken. It turns out that sixteen supersymmetries are still to be 


15 



unbroken. Let us demonstrate this point explicitly. Representing the constant parameter 
e 0 (2.23) 



we get from (2.23) the following representation for the components of the Killing spinor 
e(x) 

e 1 (x) = i( 7 _ 7 + + 7 + 7 _ cosfrc + )eo — ^Il 7 + (fa: / 7 / + 7 _ sinfrr + )eo , (3.57) 

e 2 (x) = i( 7 _ 7 + + 7 + 7 _ cosfa; + )eo + ^Il 7 + (fa; / 7 7 + 7 _ sinfx + )eo . (3.58) 

Now we restrict the 32 supersymmetries associated with parameters ej, 6 q to the 16 
supersymmetries by imposing the constraint on the parameters of transformations 

e 0r = ^Coho, eor = ^Vo , Co = 7~ +12 , (3.59) 

where r/o is a real-valued sixteen component constant spinor and suffix V is used to indi¬ 
cate the fact we restrict 32 parameters ej, (3.57),(3.58) to 16 independent parameters 
r/o . Now if we plug these el r , e$ r in expressions for e 1 (x), e 2 (x) (3.57),(3.58) and insert 
such restricted values of e 1 (x), e 2 (x) on r.h.s of (3.55) then we learn that linear held 
independent term proportional to r/o cancels out. This means that 16 supersymmetries 
associated with parameter r/o are unbroken. Evaluating 

e 0 rQ 1 + e 0rQ 2 = 'jVoiQ 1 Co + 0?) (3.60) 

we conclude that sixteen supersymmetries generated by the supercharges Q 1 Co + Q 2 are 
unbroken while the remaining supersymmetries sixteen generated by the supercharges 
Q 1 do — Q 2 are broken and realized non-linearly. 

3.5 Supersymmetries of static gauge fixed D 3 brane action 
via supercurrents 

In this section we investigate realization of D 3 brane supersymmetries by exploring for¬ 
malism of supercurrent. Concerning the broken and unbroken supersymmetries we arrive 
at the same conclusions of previous section, i.e. a study of this section is supplementary 
to the one above given. We evaluate the supercurrents and divide them into two class. 
The supercurrents which do not involve terms linear in fermionic fields are responsible 
for unbroken supersymmetries. Remaining supercurrents involve terms linear in fermionic 
fields and these supercurrents are responsible for broken supersymmetries (Goldstone type 
supersymmetries). In order to investigate these issues it is sufficient to restrict an atten¬ 
tion to the terms up to the second order in the fermionic held 0. The corresponding part 
of gauge invariant D 3 brane Lagrangian is given by (see (2.1)) 

JOS 2 ^ = £,i + C .2 + jC% + £,4 , (3.61) 
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A = —v/s + ivW 1 ^©, (3.62) 

£2 = y/g{- \F ab F ab - i F ab Q%r 3 V b Q) , (3.63) 

£3 = -e ahcd ^ ahc r 2 VS + £ { wz e) f (3.64) 

6 

c t = ^F ab ej cTl v d e, r a „ = i&l , (3.65) 

where the C^yy' is given in (3.14) and the covariant Killing spinor derivative V — da a V a 
is given in (C.18). The remaining notation is given in (3.12),(3.13). Supersymmetry 
transformations given in (2.20)-(2.22) lead to a conserved current 20 Q a , d a Q a = 0, 

Q a = V[^g{r + F ab %r 3 ) - i e abcd % cd r 2 - le abcd F bc % Tl )0 , (3.66) 

where the matrix V = VqP is given by 

f f 

V = exp(-T 2 x + 'y^n^ + ) exp(-r 2 x I ^ I IIj + ) . (3.67) 


Note that Vj = U p a (see (2.23)). Now we should impose both the bosonic static gauge 
and fermionic covariant kappa, symmetry gauge. To this end we represent the supercurrent 
Q a (3.66) as follows 

( Q la \ 

Q a = II, Q a = , (3.68) 

and evaluate the supercurrents Q a taken to be in covariant kappa, symmetry gauge (3.1) 

Q la = ~\e abcd % cd X - \e abc %F cd X , Q 2a = - F ab %X . (3.69) 

6 2 

Plugging these expressions into (3.68) and by acting with matrix V we find the following 
components of supercurrent Q a : 

Q' a = l( T + 7 -+ 7 - T +cosf : r + )(-le«“ 7 W -le'* M 7 t F c<i )A 

2 o 2 

+ ^(fyV + 7 “ sinf:r + )n 7 + ( 7 a - F ab %)X , (3.70) 

Q 2a = ^ (7 + 7“ + 7"7 + cos fx + ) ( 7 0 - F ab %) X 

+ i(f 7 V + 7 - sinfx + )fl 7 + (i e abcd % cd + \e abcd ^ b F cd )X . (3.71) 

2 o 2 

These supercurrents Q la and Q 2a taken to be in static gauge involve unwanted terms 
which are linear in fermionic field and do not depend on the remaining fields. These 
are terms that generate Goldstone transformation. Motivated by desire to cancel these 

20 The current (3.66) can be found by using standard Noether method based on localization of the 
parameters of associated global transformation eo (2.23). Replacing eo by function of world-volume 
coordinates cr° the variation of Lagrangian by module of total derivatives is found to be SC = —2i(d a eo)Q a ■ 
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unwanted terms we look for the linear combination of the supercurrents Q la and Q 2a 
which cancels out unwanted terms. As expected from analysis of previous Section such 
a combination does exist and is given by Q la (o + Q 2a ■ Making use of held redefinitions 
(3.16) this desired combination of supercurrents takes the form 21 

-(Q-Co + Q 2nk ) = \ exp(^V 7 +34 ) exp(^Y7 +34 )^7^7- A + h^VV 3 ^- A . 

(3.72) 

To transform this supercurrent into conventional w = 0 scheme which is friendly to J\f = 4 
SYM theory to be studied below we use the transformation (3.38) with w = 0 (see also 
(3.33)) and we get finally 

-(Q -Co + QA = exp(-l<T+ 7 «V) exp(-i< 7 i 7 + 3 V)(iF„„ 7 '"' - f/V 3 V')'j“* . 

(3.73) 

4 D 3 brane action in the kappa symmetry light cone 
gauge 

Fixing fermionic kappa symmetry by using light cone gauge simplifies considerably the 
structure of D 3 brane action. In order to discuss light cone gauge fixed action we find 
it convenient to represent covariant action it terms of complex spinors. Complex frame 
fermionic coordinates 9 a , 9 a = (#“)f and Cartan 1 -forms L a , L a = ( L a y are related with 
2-vector notation 0 and L used in previous sections 

0 =—^(O 1 + iO 2 ), L =—^(L 1 + iL 2 ), (4.1) 

where the components 0\ 9 2 and L 1 , L 2 are related with 0 and L as in (C.2). In this 
notation the 2-form held F takes the form 22 

F = F t= i, Ft = dA + (2i f dt 9Lt' A Lf + h.c .), (4-2) 

Jo 

while the defining H ,5 form can be cast into the form 

h 5 = -Lalalalal + fa(lalal-Lalal) 

3 

+ -(e h ~ u L + A L h A ... A L h + &■■■**L+ A V i A ... A U'A , (4.3) 

6 v ) 

which leads to the following WZ part of the Lagrangian Cwz = d l Hc, 

£ WZ = f Q dt (hl t AL t AL t AL t + 2F 4 A 9L t A L t + h.c) + C%% e) . (4.4) 

Fermionic kappa symmetry light cone gauge is defined as 

7 + 9 = 7 + 9 = 0 . (4.5) 

21 Here we introduce Q— = 5^Q a and collect A— and (f) M into 10d vector At. Details of 10d notation 
we use may be found in Sect. 6. 

22 Complex notation counterpart of relation (2.16) is dF = iL A L A L + h.c. 
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In this gauge the Cartan 1-forms can easily be evaluated (by transforming result of Ap¬ 
pendix C into complex form or by using Ref. [2]) and they are given by 

L+ = e + , L 1 = e 1 , L~ = e~ — \(9^y~d9 + 9^~d9) — 2ie + 9^~H9 , (4.6) 

L = d 6 — ife+n 9 , (4.7) 

where we use coordinates of plane wave background in which vielbeins take the form 
given in (3.13). By using these kappa symmetry gauge fixed Cartan 1-form we find 
immediately from (2.4) (4.2) the corresponding G ab and F ab terms 

G ab = 9ab - 2id {a x + (9^~d b) 9 + 9^~d b) 9) - 4f9j~U9d a x + d b x + , (4.8) 

F ab = F ab + 2id [a x + (9Td b] e + 9^d b] 9) , F ab = d a A b - d b A a , (4.9) 

where the bosonic body g ab is given by (3.15). As compared to covariant gauge the light 
cone gauge fixed Cartan 1-forms, the metric G ab , and 2-form F do not involve terms 
higher than second order in the fermionic coordinates 9 and due to this we are able to 
write down explicit representations for both the kinetic and WZ parts of gauge fixed 
D 3 brane Lagrangian. Plugging these expressions into the Lagrangian (and making a 
redefinition x M —> — ok 1 ) we get (after simple integration over t in Cwz) the corresponding 
BI and WZ parts 


£bi — _ \j~ det (g ab + F ab + M ab ), 


£wz — — e 


abcd d a x + (d b x I d c x J 9 7 ~ IJ d d 9 + l -F bc (9rd d 9 - 9rd d 9 )) 


f 


+ -e abcd d a x + (e ijkl x l d b x j d c x k d d x l + e * j k 1 F d b x j d c x k d d x l 
6 

where the matrix M ab describes the ^-dependent part of the BI Lagrangian 
M ab = 2id b x + {9^)~d a 9 + 9^~d a 9) - Ai9^~H9d a x + d b x + . 

First terms in expansion of C are (modulo cosmological term) 


(4.10) 


(4.11) 


(4.12) 


— Cbi = -t VU - V/W "VVr 1 !>? "7 cl/<)-2l.;“"a..r 1 chj : 1 »'? I W . (4.13) 

Vs 4 


where g is defined as in (3.12). 

Light cone gauge fixing the world-volume diffeomorphism symmetries can be made by 
following standard procedure (see for instance [61]). This subject is beyond scope of this 
paper. 


5 psu( 2 , 2 | 4 ) superalgebra in various bases 

Now we turn to a study of plane wave SYM theory. Since our approach is based essentially 
on realization of supersymmetries generated by psu( 2, 2|4) superalgebra we start with 
discussion of (anti)commutation relations of this superalgebra in various bases. 
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psw(2,2|4) superalgebra is more familiar in so(3,1) © su( 4) ~ sl(2,C) © sw(4) or 
so(4,1) © so(5) basis. The former basis is convenient in study of AT = 4, 4 d supercon- 
formal symmetry of SYM theory while the latter basis introduced in [28] is preferable for 
discussion of the covariant GS action in AdS§ x S 5 Ramond-Ramond background [28] 23 . 
Note that all these bases respect Lorentz symmetries generated by so(3, 1) algebra. The 
Lorentz symmetries however are broken in plane wave background and therefore these 
bases are not convenient for discussion of the 4 d plane wave A/" = 4 SYM. It turns out 
that more suitable and convenient basis for study plane wave SYM is the one in which 
a proper plane wave generator of time translation P~ and dilatation generator D are 
realized as diagonal elements of psu( 2, 2|4) superalgebra. This basis will be referred to as 
plane wave basis. 


5.1 psu( 2, 2|4) superalgebra in Lorentz basis 

Since we use extensively interrelations between Lorentz and plane wave bases let us start 
with discussion of psu( 2, 2|4) superalgebra in Lorentz basis. As is well known bosonic 
part of psu( 2,2|4) superalgebra is the algebra of conformal transformations so(4, 2) plus 
the algebra of A-symmetries so(6). The so(4, 2) algebra being realized in flat space-time 
consists of translation generators P m , dilatation generator D. generators of so( 3,1) rota¬ 
tions J mn , generators of so(6) rotations J MN and conformal boosts generators K m . The 
fermionic part of psu( 2, 2|4) superalgebra consists of sixteen generators of Poincare super- 
translations Q a and sixteen generators of superconformal translations S“ 24 . Commutators 
between bosonic generators of superalgebra are given by 25 


[D, P m ] = -P' 


[D, K m ] = K m , [P m ,K n ] =r) mn n- J mn : , 

[P m J nn, ]_ q mrir p n ' _ Tj mn ' P n [K m J nn; ]_ r) mn K n ' _ Tj mn ' K n 

[. J mn , J m ' n '] = 5 nm ' J mn ' + 3 terms , [J MN , J M ' N '} = 5 NM ' J MN ' + 3 terms . 

Commutators between bosonic generators and the fermionic ones are 


[S, P m ] = — Y"Q, [Q,K">] = -f"S, 

P,Q] = -Iq, [Q,J” n ] = if” n Q, [Q,J 1 "'] = 57 ma 'Q, 

[D, S] = is , [S, J’“ n ] = ]p mn s, [S, . 


Anticommutators are hxed to be 


(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 


{Q, Q} = -2i7 m P m , {S, S} = -4i'.."'K"‘, (5.7) 

{S“, Q /3 } = -2iyD - i(7 mn )”^J’™‘ + . (5.8) 

23 Study of covariant AdS$ x S 5 Green-Schwarz superstring action in su( 2, 2)®su(4) and sl( 2, C) x su(4) 
bases may be found in [62] and [63] respectively. 

24 Here and below we use bold face notation for generators of psu( 2, 24) superalgebra taken in Lorentz 
notation. This notation should not be confused with the one for 2-vectors we used in previous Sections. 

25 m, n, m !, n' = 0,1, 2, 9; M, N, M 1 , N 1 = 3,... ,8. In light cone frame m, n, m!. n! = +, —, 1, 2 and the 
only non-vanishing components of flat metric tensor r) mn are given by rj 4 = 1, if 0 = S lJ . 
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All bosonic generators G = (P m , K m , D, J mn , J MN ) are taken to be anti-hermitian G t = 
— G, while fermionic generators are considered to be hermitian 

Qa = Qa , S“t = S Q . (5.9) 

In flat space the symmetries generated by translations P m , and Lorentz rotations J mn are 
realized as isometry symmetries of Minkowski space time while D and K m are responsible 
for proper conformal transformations. 

5.2 psu(2,2\4) superalgebra in plane wave basis 

First of all let us following [64] to discuss a manifest representation for generators of confor¬ 
mal symmetries of 4 d plane wave geometry. This representation will be used throughout 
this paper. Since for plane wave background the Weyl tensor vanishes, the conformal 
algebra in question is isomorphic to the so(4, 2) algebra. Below we establish the isomor¬ 
phism explicitly, i.e., we map generators of so(4, 2) taken to be in the plane wave basis 
to generators of so( 4, 2) taken to be in the Lorentz basis. Note that because Lorentz 
symmetries are broken in plane wave background the symmetries of so(4, 2) algebra are 
realized in a different way in plane wave space-time as compared to ones in the Minkowski 
space-time. In plane wave background only seven generators of the so(4, 2) algebra are 
realized as isometry symmetries while the remaining eight generators of the so( 4, 2) alge¬ 
bra are realized as proper conformal symmetries. This is to be compared with Minkowski 
space where the 10 generators of so( 4, 2) algebra, four translations P m and six Lorentz 
boosts J mn , are realized as isometry symmetries while the remaining 5 generators of the 
so(4, 2) algebra, dilatation D and conformal boosts K m , are realized as proper conformal 
transformations. 

Our study is based on usage of concrete parametrization of 4 d plane wave background 
in which the line element takes the form 

ds 2 = 2 dx + dx~ — f 2 x l x L dx + dx + + dx l dx l , i — 1,2. (5.10) 

We start with discussion of the algebra of isometry symmetries which is subalgebra of 
conformal algebra. The algebra of isometry symmetries leaves the line element (5.10) to 
be form-invariant and is generated by translations P + , P~, P\ by Lorentz boosts J +l 
and by so( 2 ) rotations J 1 - 7 = e^J 12 , i.e. the dimension of this algebra is equal to seven. 
These generators satisfy the well known commutation relations 

[P~, P l ] = -f 2 J +l , [P\ J + ' j } = - 6 rj P + , [P~, J +i } = P l , (5.11) 

[P\ J jk ] = 5 rj P k - 5 Vk P~ j , [ J + \ J ji ] = 5 rj J +k - S ik J +j . (5.12) 

Sometimes in what follows instead of generators P\ J +l we prefer to use complex frame 
generators T\ T l defined by 

T l = P l - if J +i , f 5 = P J + ifJ + S (5.13) 

which are related by hermitian conjugation rule T l = —T l L Thus the isometry symmetry 
algebra is representable by the following seven generators 

P~, P + , T l , T l , J 12 , isometry generators. (5.14) 
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To find concrete representation for these generators we solve the equations for the Killing 
vectors of isometry transformations 


DUn + DnU = 0. (5.15) 

Well known representation for these Killing vectors in terms of differential operators 
G = £—<9;is given by 

P ± = d ± , T = e~ iix+ (d* + iix i d + ) i ,P j = P& - Pd 1 . (5.16) 

Because these seven generators form the isometry algebra the remaining eight generators 
of the conformal algebra so( 4, 2 ) are responsible for proper conformal transformations, 
i.e. they scale the line element (5.10). To find these proper conformal generators we are 
solving the equations for conformal Killing vectors in 4 d plane wave background (5.10) 

D-m^n + DnC,m — -fjmnDkC~ . (5-17) 

Solution to these equations can be described by eight Killing vectors denoted by 

D, C, C, C\ C\ K~, proper conformal generators, (5.18) 

where the complex-valued generators C\ C *, C, C are related by hermitian conjugation 
rule C l = — C 1 ', C = —Cd. Representation of these proper conformal generators in terms 


of differential operators G = is fixed to be [64] 

D = 2x~d + + xd , (5.19) 

C = e~ 2i£x+ (d~ - ifxd + f 2 x 2 d + ), (5.20) 

, , , 1 r2 

C l = e~ lfx+ [x~d l — x l d~ + if(— -x 2 d 1 + x l (x~d + + xd)) — —x 2 x l d + ^ , (5.21) 

1 f 2 

K =—~x 2 d + x (x d + + xd) — — (x 2 ) 2 d + . (5.22) 

ffere and below we use the conventions 

x 2 = x l x l , xd = x l d l , d 2 = d l d l . (5.23) 


Note that generators P + , J l] (5.16), D (5.19) and K~ (5.22) do not depend on evolution 
parameter x + , i.e. they are commuting with plane wave time translation generator P~ 
(5.15). It is easy to see also that generators T®, C (5.20) and C l (5.21) are eigenvectors 
of P~ = d~. Straightforward inspection of generators (5.15),(5.19)-(5.22) demonstrates 
that all these generators are also eigenvectors of D and transform in scalar or vector 
representations of J 12 . 

As mentioned before the isometry generators (5.15) and proper conformal generators 
(5.18) form plane wave basis of the so(4, 2) algebra. Their commutation relations are 
given in (5.37)-(5.42). It is instructive to relate generators (5.15)-(5.18) with generators 
of so(4, 2) algebra taken in Lorentz basis P m , K m , D, J mn which satisfy well known rec¬ 
ognizable commutation relations (5.1)-(5.3). This can be done in a rather straightforward 
way by comparing commutation relations of generators in Lorentz basis (5.1)-(5.3) with 
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the commutation relations in plane wave basis (5.37)-(5.42). Doing this we find an in¬ 
terrelation between generators of the conformal algebra in Lorentz basis and the ones in 
plane wave basis 


P~ = P~ + f 2 K + , P+ = P + , J 12 = J 12 , (5.24) 

T = P* - if J +i , T % = P* + if 3 +i , (5.25) 

D = D - J+ , (5.26) 

C = P - f 2 K+ - if(D + J+"), C = P~ -f 2 K+ + if(D + J+"), (5.27) 

d = J ’ + ifK‘, d = J- ifK', (5.28) 

K~ = K~ . (5.29) 

Note that the relations given in (5.25) and definition of T l (5.13) imply matching the 
transverse translations P l and +i Lorentz boosts J +t : 

P l = P\ J +l = J +i . (5.30) 

As for P-symmetries so(6), these symmetries are obviously unbroken and therefore one 
has the simple correspondence 

J MN = J MN . (5.31) 

Now let us turn to supercharges. What is required is to find the interrelation of super¬ 
charges in plane wave and Lorentz bases. As in bosonic case the supercharges in plane 
wave basis should, by definition, be eigenvectors of plane wave time translation gener¬ 
ator P~ and plane wave dilatation generator D. Because we have already established 
interrelation of two bases in bosonic body of superalgebra the most straightforward way 
to establish of interrelation of supercharges in two bases is to find linear combinations 
of Lorentz basis supercharges Q, S so that this combinations be eigenvectors of plane 
wave time translation generator P~ and plane wave dilatation generator D. Because the 
interrelation between bosonic generators is known we can establish similar interrelation 
between supercharges in a rather straightforward way. Doing this we found that plane 
wave basis supercharges can be collected into two sorts of supercharges which we denote 
by D and S~. This is to say that the requirement these supercharges be eigenvectors of 
generators P~ and D fixes the following representation for sixteen component complex- 
valued supercharge D and sixteen component real-valued supercharge S~ 

• r 

n = Q - ^7 + S + , S~ = S~. (5.32) 

Here and below we use decomposition of S" into plus and minus parts 

S = S+ + S-, S+ = i 7 -7+S, S- = i 7 + VS, (5.33) 

while for Q a similar decomposition takes the form 

Q = Q + + Q , Q + — ^7 _ 7 + Q > — ^7 + 7 - Q • (5-34) 
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The supercharges fl and S satisfy the algebraic constraints. Decomposing the super¬ 
charge D as in (5.34) 

n = n + + fr, (5.35) 

we have the constraints 

fi +t = D+, y+5'" = 0. (5.36) 

These constraints are derivable from hermitian properties for generators Q, S given in 
(5.9) and definitions given in (5.33). The first constraint in (5.36) tells us that though 
the supercharge D is complex-valued its fl+ part is real-valued. This implies that the 
supercharge fl has 24 real-valued components. The second constraint in (5.36) tells us 
that there are only 8 real-valued components of S~. Thus the total number of real-valued 
supercharges is equal to 32 as it should be. 

Now we can write down commutation relations of the psu( 2, 2|4) superalgebra in plane 
wave basis. Because in this basis all generators are eigenvectors of P and D it is con¬ 
venient to introduce a notion of q(P~) and q(D) charges. Given generator G its q G (P~) 
and q G (D) charges are defined by commutators 

[P~,G\ = -if q G (P~)G, [D,G] = q G (D)G. (5.37) 

These charges for generators of the psu( 2,2|4) superalgebra are given in Table 2. 


TABLE 2: q(P ) and q(D) charges of generators of psw(2, 2|4) superalgebra 


Generators 

q - charges 

P+ 

rpi 

rpi 

I\ 

C l 

C l 

c 

C 

0 " 

0 - 

D+ 

s~ 

qc(P~) charge 

0 

1 

-1 

0 

1 

-1 

2 

-2 

1 

-1 

0 

0 

q c ,(D) charge 

-2 

-1 

-1 

2 

1 

1 

0 

0 

0 

0 

-1 

1 


Note that the (/-charges of the generators and J MN are equal to zero. Remaining 
(anti)commutators can be collected in several groups. 

Commutators between elements of isometry algebra are 

[f\ T~ j ] = 2i#P+ , [T\ J jk } = S Tj T k - 8 lk T j . (5.38) 

Commutators between proper conformal generators are given by 

[C\ C' j ] = 2#iL" , [C, C] = -4if P~ , [C\ C] = -2ifC i . (5.39) 

Commutators between generators of isometry algebra and proper conformal generators 
take the form 


[P + , K~] = D , [P+, C 1 } = T l , [T\ K~] = C l , (5.40) 

[t\ c)} = -fic , [t\ €} = 2iiT l , (5.41) 

[C\ T j ] = ${P~ + HD) + 2if J Vj . (5.42) 


24 




Commutators between isometry algebra and supercharges are 

[T\ = if7+*fi+ , [T\ S~] = flT , [P + , S~} = 7 + ft + , (5.43) 

[SI* Y] = ydfi*, [S-,J y ] = i 7 y S-. 

Commutators between proper conformal generators and supercharges are 

[K-,n+} = ~rs-, [c i ,si+] = -ir i siu [c i ,n-] = -iffs-, (5.44) 

[C,n-] = 2if O- . (5.45) 

In view of relations (5.31) commutators of so(6) algebra and commutators between 
generators of the so(6) and supercharges in plane wave basis take the same form as in the 
Lorentz basis (see last commutators in (5.3), (5.5),(5.6)). 

Anticommutators between supercharges are 

=-2ib ~P + , {fr,fT} = -2i7 +C, {S~,S~} = -4i 7 + iL - , (5.46) 

{n - , n~} = —2ib+P - + fy + ^ J Vj - f Y mn J mn , (5.47) 

{LT, fl + } = -i7 + 7"fr , = 2i~f +i c l , (5.48) 

{S' - , h2 + } = —i7 + 7 - P — -7 + 7 _ 7* 2 P 2 + -7 + 7~7 MN J MN . (5.49) 

Modulo (anti)commutators obtainable from the ones above-given by applying hermitian 
conjugation, the remaining (anti)commutators are equal to zero. 

Now let us match the symmetries generated by the psu( 2, 2|4) superalgebra and the 
ones generated by superalgebra of plane wave superstring (see Appendix B). Because 
these superalgebras do not coincide we can match only some subset of generators of 
these superalgebras. Let G str be generators of plane wave superstring superalgebra with 
(anti)commutators given in Appendix B. Making use of Lorentz basis of the psu( 2,2|4) 
superalgebra we find the following interrelations of the generators of the psu( 2, 2|4) and 
plane wave superstring superalgebra 


P7,r + 2f4t = P" + f 2 K + , 

pi _ p* 

r str 1 ) 

P+ 

str 

— P + 

(5.50) 

T+i _ T+i t12 _ t 12 

u str ~ ° ° str ~ ° ? 

t34 t34 

J str ~ J > 

ji'j' 
u str 

= 

(5.51) 

-^(Qltr^ +12 + Q 2 st r : 

' = Q-7 +m 

s + . 


(5.52) 


Thus one can match explicitly 14 bosonic and 16 super symmetries of plane wave SYM and 
corresponding 14 bosonic and 16 super- symmetries of plane wave superstring theory 26 . 

26 Interesting discussion of realization of conformal and Heisenberg algebras in plane wave CFT corre¬ 
spondence may be found in [65]. 
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6 N=4 SYM in plane wave background 

Our goal is to develop light cone formulation of AT = 4 super YM theory in 4 d plane 
wave background. The most convenient way to do this is to start with covariant and 
gauge invariant formulation. As compared to flat space the covariant formulation of 
plane wave SYM becomes to be more complicated as in this case we deal with theory in 
curved background 27 . Light cone gauge formulation leads to dramatic simplification. A 
remarkable fact we demonstrate below is that the 3-point and 4-point interaction vertices 
of light cone gauge action of plane wave SYM take the same form as the ones in the flat 
space. The only difference of plane wave SYM as compared to the one in flat space is an 
appearance of mass-like terms in the quadratic part of the action. 

Following our strategy we start with covariant and gauge invariant action of SYM 
theory defined on the 4 d plane wave background with line element given in (5.10) To 
simplify our presentation of the 4 d SYM theory we use the standard trick of lOd notation. 
We use lOd space-time which is direct product of 4 d plane wave background (5.10) and 
flat R 6 Euclidean space. In this lOd space-time we introduce the lOd target space vector 
Afj,, fi = 0,1,... ,9. This vector is splitted into 4 d plane wave target space vector 
m — 0,1, 2, 9, and 50(6) vector A M = 0 M , M = 3,... ,8. The fermionic partner of A M is 
a sixteen component spinor held ip 01 which in the 32 component notation corresponds to 
positive chirality Majorana-Weyl spinor. Both the A^ and are transforming in adjoint 
representation of certain gauge group. They can be decomposed into generators of Lie 
algebra and are assumed to be anti-hermitian 

A t. = ^ = ^^ = = -^ . (6.1) 

The Lagrangian of SYM in plane wave background is given by 28 

-| • 

C. - IV - -F»- V -F, v _ - , (6.2) 

where the gauge and Lorentz covariant derivative D M and the held strength F flv are defined 
to be 

D^ = D^ + [A^\, = — d M , (6.3) 

Ffi v — d^Av — d^A^ + \Ap, AJ . (6-4) 

In (6.2) and below the Tr denotes minus trace 

TrY = -TrY . (6.5) 

27 Discussion of SYM theory in various curved backgrounds may be found in [ 66 ]. Plane wave SYM 
does not fall in the cases considered in [ 66 ]. Detailed study of the Hamiltonian formulation of SYM in 
R x S 3 background may be found in [67]. Relevance of a curved background for SYM was discussed (in 
the original AdS/CFT context) in [ 68 ]. 

28 Note that because Richi scalar of 4 d plane wave metric (5.10) is equal to zero the action (6.2) is 
indeed describes conformal scalar fields. The target space 7 —matrices are defined in terms of tangent 
space ones as 7 - = e^'y 1 ', where ejj is inverse to the basis of one forms e M = e^dx-, ejje]) = 5£. The 
basis of is specified in (6.7). Notation 7 +, 7 “, 'y 1 is used only for tangent space 7 -matrices defined in 
(A.3). 
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All fields are assumed to be independent of six coordinates x M 


d M A!± = 0 , d M if = 0 . 


( 6 . 6 ) 


10 d target space indices are contracted by metric tensor g tl A M = g^^A-, which describes 
4 d plane wave space-time (5.10) x flat R e Euclidean space. lOd tangent space vectors 
A M , [x — 0,1,..., 9, are defined in terms the target space ones as A M = e^AL. where basis 
of one-forms = e^dx 1 - is specified to be 

f 2 -v , 

e + = dx + , e = dx~ — —x l x l dx + , e 1 = dx 1 , I — 1,... ,8, (6.7) 

so that we have 

9 m n 0 

0 Smn 



9^i v 


fi'-ufj, , nmn 


9n 


= e m e 

run m ? 


( 6 . 8 ) 


9 — ('EL, M); g = (m, M); m, n = 0,1, 2, 9; m, n = 0,1, 2, 9; M, N = 3,..., 8 29 . 

The Lagrangian (6.2) is invariant with respect to the local gauge transformations and 
the global psu( 2, 2|4) superalgebra transformations. All these transformations are realized 
on the space of covariant fields A^ip. Below we will be interested in transformations of 
physical fields under action of psu( 2, 2|4) superalgebra. These transformations can be 
derived in a most straightforward way by starting with transformations of the covariant 
fields A^, %b. To fix our notation let us briefly discuss the latter transformations. 

(i) Local gauge transformations take the standard well known form 


5A^ = d^a + [Ap, a], Sip = [ip, a]. (6.9) 

(ii) Global so( 4, 2) conformal transformations. The transformations of fields under 
action of the so(4, 2) algebra are given by the relations 

6 cov A m = ^ A m _ A n d ^m + ? 

9 

= ^dnP' + . 

4 y/g - 

= ({“£>.)„ + b—4,4 + , 

— 4 8y/g 

where f— are Killing vectors of the so(4, 2) algebra transformations. In plane wave basis 
these vectors are given by relations (5.16), (5.19)-(5.22). 

(iii) Global R-symmetries generated by so(6) algebra take the standard form. 

(iv) Global plane wave supersymmetry transformations of the psu( 2,2|4) superalgebra. 
In order to find these transformations it is convenient to start with transformation of 
fields under action of supercharges taken to be in the Lorentz basis, i.e. basis of Q and S 
supercharges. Transformation of fields in such a basis are well known and are given by 

6 cov A» = iip^e Q , S cov iP = - 20 M 7 M e S , (6.13) 

29 In light cone frame fi, v = +, —, 1,..., 8; \x, v = +, —, 1,..., 8; m, n = +, —, 1,2; m, n = +, —, 1, 2. 


( 6 . 10 ) 

( 6 . 11 ) 

( 6 . 12 ) 
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where cq and es are appropriate real-valued sixteen component Killing spinors which are 
still to hxed. These Killing spinors can be found from the general formula 

e q Q Qa + e s«S Q = g x (e 0Q Q + £ os S)g x 1 , (6.14) 

where bosonic coset representative g x is defined by the relation 

g x = exp (x l P l + x~P + ) exp(x + P _ ), (6.15) 


and 6 oq and eos are constant sixteen component fermionic parameters. Note that the 
Killing spinors above defined satisfy the equations 

f 2 

= 7mC s » D m e s = — 2 & + e Q , (6.16) 

which should be supplemented by initial conditions 

e Q \x— =0 e 0 Q 1 e s \x— =0 e 0 S • (6-17) 


Explicit representation for Killing spinors can be derived then either from these equations 
or from formula (6.14) 30 

1 ^ ^ sin 

e Q = 2^ + ^~ + 7~7 + coshc + )e 0Q + (x~7 + + x l f)e s + 1 ~—— e 0 s , (6-18) 

1_ _ f 

e s = 2^ 77+ +7+7 COsfa;+ ) e 0S - 2^ +sinfa:+e oq • ( 6 - 19 ) 

Making use equations for Killing spinors (6.16) one can make sure that the action (6.2) 
is indeed invariant with respect to transformations given in (6.13). Thus there are 32 
Killing spinors which are responsible for 32 super (conformal) symmetries. 

By using interrelation between the Lorentz basis supercharges Q, S and plane wave ba¬ 
sis supercharges 12, S~ (5.32) we can bring Lorentz basis supersymmetry transformations 
(6.13) to the plane wave basis supersymmetry transformations 


C-V = m % , S^A> = + xYK- , (6.20) 

CV = + if/Wco . (6.21) 

V> = \f“"^(x~ 1 + + xWK- - 20 m t M £ os _ . (6.22) 

where the plane wave basis Killing spinors e n corresponding to the supercharge 12 is given 
by 

if if 

e n = exp(—^ 7 * 7 +) exp(-^-a; + 7 - 7 + )e on . (6.23) 

The constant sixteen component spinors (e on ) Q , which is complex-valued, and (e os _) a , 
which real-valued, subject to the constraints implemented by the ones for the supercharges 
12, S~ (5.36) 

( e <J f = e o“n > 7'e os -=0. (6.24) 

30 The formula (6.14) can be used by exploiting the relations (5.24),(5.30) and commutation relations 
given in (5.4)-(5.8). 
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7 Hamiltonian light cone gauge dynamics of plane 
wave SYM 

Following the standard procedure we impose light cone gauge 

A_ = 0, (7.1) 

and plug this gauge into the covariant Lagrangian (6.2). Because such gauge fixed La- 
grangian describes non-propagating field A + we find that the equation of motions for A + 
leads to the constraint 

d + A~ = -<9 7 Y - J-[,4 7 . d+A 1 } + ^-(0®q+0®), (7.2) 

which allows us to express non-physical field 31 A + = A~ in terms of physical bosonic field 
A 1 = ( A l , A AI = <p M ) and physical fermionic field 0®, where 

0 = -0® + 0®, 0® = ^7 _ 7 + 0, 0® = ■ (7-3) 

Fermionic field -0® also turns out to be non-propagating and therefore we find that equa¬ 
tion of motion for 0 ® leads to the constraint which allows us to express the 0 ® in terms 
of physical field 0 ® 

0® =-— 7 + 7 / £) / 0® , £> 7 0® = <9 7 0® + [A 1 , 0®]. (7.4) 

■ZiC/ 

Plugging solution for A~ and 0® into Lagrangian (6.2) we get light cone gauge Lagrangian 
which can be presented as follows 


£ — £ 2 + £.3 + £4 5 (7.5) 

where £ 2 describes quadratic part of Lagrangian while £3 and £4 describe 3-point and 
4-point interaction vertices respectively. The quadratic part £ 2 is given by 

£2 = Tr ^UA 1 - ^0®|^D0® , (7.6) 

where the covariant D’Alembertian operator in 4 d plane wave background (5.10) defined 
by standard relation □ = 70 is given by 

□ = 2d + d~ + ffd 1 + fx i x i d + d + . (7.7) 

The 3-point and 4-point interaction vertices are given by 


£3 = Tr -[A I ,A J ]d I A J -d J A J —[A I ,d + A I ] 


(7.8) 


/'“V r\/J 


+ i<9 7 A 7 -^(0®7 + 0®) + ^-[A J ,0®] 7 2J d J 0® + >V> 7 7 7 r/,/ 


( 9 + 


d + 


[A\r 


31 Note that after imposing light cone gauge (7.1) the relations between covariant and contr-variant 
vectors are simplified A- = A + = 0, A+ = g+nA— = A~. 
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(7.9) 


C* = ^ ~\[A',A J f ~^[A’,d*A J }Y 

+ [A J A m 

+ (;(; 0 W ’® 7 + ' I / , ®)) 2 • 

From these expressions it is easily seen that dimensionfull constant f does not appear 
in the interaction vertices £3 and £4. In other words, the light cone gauge vertices of 
SYM in plane wave background take the same form as the ones in flat Minkowski space. 
This implies that many interesting investigations carried out previously in the literature 
for the case of light cone gauge SYM theory in flat space can be extended in relatively 
straightforward way to the case of SYM theory in plane wave background. All that is 
required is to take into account the new modified kinetic term £ 2 (7.6). Note that this 
extension is not straightforward because there are subtleties related to the mass-like terms 
proportional in the covariant D’Alembertian operator (see f 2 -term in (7.7)). These mass 
terms lead to discretization of the spectrum of the energy operator and this should be 
taken into account upon quantization. 

Light-cone gauge action of plane wave SYM theory 

S— /^M£ 2 + £ 3 + £ 4 ), d 3 x = dx~dx 1 dx 2 , (7-10) 

can be brought into the Hamiltonian form 

3= j dx + d 3 x r Ti'(—d + A I d~A I — ^ , ijj®'Y ,r d~'il> <B ) + j dx + P~ , (7-11) 

with the Hamiltonian H = —P~ 

P~ = j d 3 xV~ , (7.12) 

where the Hamiltonian density is given by 

V~ = Tr (~d-A J d.A J - ^(d+A 1 ) 2 - ^®|^(«9 2 + fVd + 2 )V>®) + £3 + U . (7.13) 

Applying standard methods to the action (7.10) we find the well known canonical Poisson- 
Dirac brackets 


(4 , (i)“.4-'(x') J ']|p.D. e ,»ai.+ , (7.14) 

{^“(xr.^V)"'} \p. D .e^T* = - 5 ( 7 ~r^(x- -x-')6' 2 \x-x')i“', (7.15) 

where I aa ' is a minus projector operator which we insert to respect the Lie algebra indices 
of the physical fields A 1 and "0®. All that is required this operator should satisfy the 
relation 

I ac Tr(f c t b ) =S a b . (7.16) 
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Equation of motions for the physical fields A 1 and takes then the standard Hamiltonian 
form 


d-A 1 = [A 1 , p-]p . D ., d-^ = P-]p. D . . (7.17) 

Here and below brackets \p.o. stand for Poisson-Dirae brackets evaluated for equal 
values of evolution parameter x + . In (7.17) and below the suffix ‘equal x + ’ is implicit. 

8 Global symmetries of J\f = 4 SYM in plane wave 
background 

In this section we discuss held theoretical realization of global supersymmetries of J\f = 4 
SYM theory in plane wave background which are generated by psw(2,2|4) superalgebra. 
To do that we use the framework of Noether charges. The Noether charges play an 
important role in analysis of the symmetries of dynamical systems. The choice of the 
light cone gauge spoils manifest global symmetries, and in order to demonstrate that 
these global invariances are still present, one needs to find the Noether charges that 
generate them. 

8.1 Bosonic Noether charges as generators of the psu( 2, 2|4) 
superalgebra 

We start our discussion with bosonic Noether charges. These charges can be found fol¬ 
lowing the standard procedure. Let T—- be symmetric, conserved, and traceless energy- 
momentum tensor 


DrnP—- = 0 , T—jn = 0 , T 2 ** = T Rm . (8.1) 

For each Killing vector £ G — satisfying the equations (5.15) (or (5.17)) we can construct 
conserved current Q—\ 


G~ = T rn^Gn > dJly/gQ*) = 0 . (8.2) 

Making use of equations for Killing vectors (5.15),(5.17) and relations for energy - momen¬ 
tum tensor given in (8.1) one can make sure that the currents (8.2) satisfy the conservation 
law. Note that we use the coordinates given by (5.10) in which y fg = 1 and therefore the 
conservation law takes simplified form d rjl Q— = 0. Appropriate bosonic charges G take 
then the standard form 

G — j d 3 xT + ^, 

where the measure d 3 x is defined in (7.10). The energy momentum tensor for A f 
SYM (6.2) satisfying the requirements (8.1) is well known and is given by 

T^ = fr(FHPF^ + ^(7-^- + 7-^-)^)+Ar-- + ^--^, (8.4) 

where ‘improving’ contribution given by 


(8.3) 
= 4, 4 d 


31 



AT-- = -(g m -D k D- - + R^)f r 0 2 , AT M ^ = AT MJV = 0 , (8.5) 

6 

is to respect traceless condition (8.1). While writing the expression for T^~ (8.4) we take 
into account that Richi curvature scalar in plane wave background (5.10) is equal to zero 
R = 0. Note that the only non-zero component of Richi tensor is R = 2f 2 . 

To evaluate the charges (8.3) we have to determine expressions for T + _, T + /, T + + . 
To this end we plug light cone gauge (7.1) and solution for non-physical fields (7.2), (7.4) 
into expressions for energy-moment urn tensor (8.4) and find 32 


T +_ 

= V + - -d + d + Tv4 > 2 , 

6 

(8.6) 

T + 1 

= V 1 - - Id+iM- 1 - RT 1 ) - \() ] <9'<9 + Tr £ 2 , 

2 2 6 * 

(8.7) 

T + + 

= V~ + -d r {M~ I + R- I ) + -{a-d + d~)Tr(j ) 2 , 

2 6 

(8.8) 


where D’Alembertian operator □ is defined by (7.7) and we introduce momentum densities 


V + = Tr d + A J d + A J + ^®7 + <9 + ^® , (8.9) 

V 1 = Tr d + A J d I A J + ^®7 + dV® , (8.10) 

V~ = Tr (-\d I A J d I A J - f -x 2 (d + A 1 ) 2 - -U®j£ (3/ + fV<9 +2 )^®) 

Zj Zj TC O' 

+ £3 + £4 , ( 8 - 11 ) 

and spin densities 33 

M IJ = Tr d+AM' 7 - d + A J A I + ^®7 +/J ^® , (8.12) 

M~ J = Tr - A I d J A J + A J d J A I + -^y+yV?^® 

4 <9+ 

-A 7 ^([A J , <9 + H J ] - i^®7+^®). (8.13) 


The expressions for 3-point and 4-point vertices £ 3 , £3 which enter definition of Hamil¬ 
tonian density V~ (8.11),(7.13) are given in (7.8),(7.9). The density R~ : which appears 
in ( 8 .7),( 8 . 8 ) is given by 

IT 1 = Tr A I -^([A J ,d + A J ] - i^®7 + -0®) - ^® 7 J + 7 [A J ,^®]. (8.14) 

32 In formulas (8.6)-(8.14) we keep dependence on six coordinates x M . To get expressions corresponding 
to 4 d SYM one needs to apply rules (6.6). 

33 The matrix A4 /J should not be confused with the one given given in (C.17),(C.19). 
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In contrast to the momentum and spin densities (8.9)-(8.13) the density 1Z does not 
contribute to charges. 

Making use of general formula for charges (8.3), explicit representation for components 
of energy-momentum tensor ( 8 . 6 )-( 8 . 8 ), and for Killing vectors (5.16), (5.19)-(5.22) we 
can get explicit representation for charges in a rather straightforward way. For instance 
held theoretical representation for kinematical generators of isometry transformations, i.e. 
P + , T\ and J l] is given by 


P+ = 

J d 3 xV + , 

(8.15) 

rj~ii _ 

Jd 3 xe- iix+ (V i + ifx i V + ), 

(8.16) 

J ij = 

[d 3 .r(.r i 'P i - x j V l + M Vj ) . 

(8.17) 


From these expressions it is easily seen that expressions for generators P + , J y ' coincide 
with the ones in flat Minkowski space-time. Field theoretical representation for generators 
of P-symmetries so( 6 ) is given by 

J MN = jd 3 x Tr d + (j) M (j) N - d + 4> N (j) M + i^© 7 + MAr ^© . (8.18) 

This expression for J MN obviously coincides with the one in flat space-time. 

Field theoretical representation for generators of conformal transformations, i.e. D, 
C , C l and K~. is given by 

D= jd 3 x {2x~V + + x^V 1 ) , (8.19) 

C = jd 3 x e~ 2iix+ (V~ - if.r'P' + f 2 x 2 V + ) , ( 8 . 20 ) 

d = Jd 3 xe-' lix+ (x-V l - x l V~ + ifi—x 2 ?* + x\x~V + + x j V j )) (8.21) 

f 2 

--x 2 x l V + + + if M ij x j ) , 

I r2 

K~ = jd 3 x(--x 2 V^+x~{x~V + +x l V l )--{x 2 ) 2 V + -Tret) 2 ). (8.22) 

Taking into account expressions for momentum densities ( 8 .9),( 8 .10) it is easy to see that 
dilatation generator D (8.19) is quadratic in fields, i.e. the D is a kinematical generator. 
The remaining proper conformal generators C, C l , and K~ are realized non-linearly, i.e. 
they can be considered as dynamical generators. 

With the definition of charges given in (8.15)-(8.22) and commutation relations for 
fields given in (7.14),(7.15) the transformation rules of the physical fields A 1 = (A\ A M = 
(j) M ) and "0® under action the conformal algebra so(4, 2) and so( 6 ) algebra are given by 

SgA 1 = [A 1 ,G\px i., — ["0®? G\p.d. ■ (8.23) 

Discussion of some details of these transformations may be found in Appendix D. 
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8.2 Noether supercharges as generators of 
the superalgebra psu(2, 214) 

In this section we describe field theoretical realization of supercharges of AT = 4 plane 
wave SYM theory. We start our discussion with description of supercurrents. As before 
it is convenient to start with study of supercurrents taken to be in Lorentz basis. Because 
in the Lorentz basis we deal with the supercharges Q, S we introduce corresponding su¬ 
percurrents denoted by Q— and S—. These supercurrents can be found by using standard 
procedure and explicit expression for them can be fixed by using the formula 

«„ q Q- + = Tr . (8.24) 

where e 0Q and e os are constant spinor while e Q and e s are the Killing spinor in 4 d plane 
wave background. These Killing spinors satisfy the defining equations (6.16) and explicit 
solution to these equations is given in (6.18),(6.19). Making use of defining equations 
for Killing spinors (6.16) and equations of motion for fields of SYM one can check that 
super-currents (8.24) are indeed conserved 

0m(Vs Q“) = 0 , dJiy/gS*-) = 0 . (8.25) 

Explicit expressions for supercurrents Q— and S— in terms of covariant fields can be 
obtained by plugging solution to Killing spinors into (8.24) 

Q — = Tr ^(t~ 7 + + 7 + 7 _ cosfx + — f 7 + ®z*sinfa + ).F / "' 7 ,1I ' 7 — ijj 

— f sinfa; + 7 + 0 M 7 M 7 — i/j , (8.26) 

S— = Tr -( 7 + 7 _ + 7 _ 7 + cosfx + )(x“ 7 + + x l 'y‘ l )F^ r y^ l ' r y—ip 

+ 7 ~——— F ^ v 7 Atl/ 7 m ?/> + (7 + 7 _ + 7 _ 7 + cosfa; + )0 M 7 M 7— ip . (8.27) 

The expressions for supercharges Q and S can be found then from m = + components of 
the supercurrents (8.26),(8.27) 

Q = / d 3 x Q-1™ =+ , S = J d 3 x S— | m=+ . (8.28) 

Taking into account the interrelation of Lorentz basis supercharges and the ones of plane 
wave basis (5.32) we find plane wave Noether supercharge 

£2 = / d 3 x Tr \ exp (^+ 7 V) exp(-§, ■ (8.29) 

Dividing the supercharge £2 into £2 + and £2 _ parts and working out an expression for 

the remaining supercharge S~ gives the following representation for the plane wave basis 
Noether supercharges in terms of the covariant fields 

D + = | d 3 x Tr i 7 - 7 +F^ 7 ^ 7 + ^ , (8.30) 
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n- = J d 3 x Tr ie _ifa:+ ( 7 + 7 " - if 7 +V)i^ 7 ^ 7 +^ , (8.31) 

S~ = / d 3 , fr i 7 V (* V + x^)F^l + i> + • (8.32) 

In light cone frame these expressions take the form 

fi + = J d 3 x fr (- 2 F +/ 7 V®), (8.33) 

n~ = J d 3 x Tr e~ ifx+ (~F + ~ + ^ 7 /J F /J + iLrV 7 J F +J ) 7 + V>® , (8-34) 


S~ = J d 3 x fr (2 x~'y I F +I + x i 'y i (-F + ~ + ^ 7 /J F /J ) + 2 7 M </> M ) 7 +-0® . (8.35) 

Note that while writing these expressions we have not used light cone gauge. 

Light cone gauge representation for above-given supercharges in terms of physical fields 
is obtainable then by using light cone gauge fixed held strengths. Such held strengths 
can be obtained by plugging light cone gauge (7.1) and solution to constraints (7.2) into 
covariant held strengths given in (6.4). Doing this we get the following light cone gauge 
hxed held strengths 


F +I = d + A I , 

F IJ = d : A J - d J A 1 + [A 1 , A J ], 

(8.36) 

F + ~ = -&A 1 - 

^[A^d+A^ + ^^+p®). 

(8.37) 


Making use of these formulas we get the following useful relation to be inserted into 
expression for supercharges D _ , S~ 

-F+~ + -Y J F IJ = (d I A J + d + A j ]) 7 / 7 j - -^-(^® 7 + ^®). (8.38) 

In Section 7 we demonstrated that the light cone gauge vertices of SYM in plane wave 
background take the same form as the ones in hat Minkowski space-time. Now it can 
easily be checked that on the surface of initial data x + = 0 all bosonic and fermionic 
Noether charges of plane wave SYM coincide with the ones of hat Minkowski space-time. 
It is clear that underlying reason for these coincides is related with conformal invariance 
of these SYM theories. 


9 Transformations of physical fields under 
action of psu( 2 , 2 | 4 ) superalgebra 

Because the expressions for Noether charges are given entirely in terms of physical held 
A\ A A1 = (f> M and p® transformations of these helds under action of psu( 2, 2|4) superal¬ 
gebra could be found in principle by using formulas (8.23) and Poisson-Dirac brackets for 
physical helds (7.14), (7.15). Here we discuss simpler method of deriving held transforma¬ 
tions generated by psu( 2,2|4) algebra. Let us start our discussion with transformations 
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generated by the bosonic symmetries which are so(4, 2) ©so(6). Because realization of R- 
symmetries of so(6) takes the standard form we proceed to discussion of transformations 
generated by the conformal so(4, 2) algebra. 

In order to hnd global transformations of physical fields we start with corresponding 
global transformations of covariant fields supplemented with local gauge transformations 

5 G At = S cov At + Dt a °, S G xf = S cov ^ + [if, a G ], (9.1) 

where global transformations of the covariant fields At = (A—, <f M ) and if are given 
in (6.10)-(6.12). As usual the parameter of gauge transformation a G corresponding to 
global transformation generated by Noether charge G is fixed by the requirement that the 
transformation (9.1) maintains the light cone gauge 

S G A + = 0 . (9.2) 

From this equation we can get solution to parameters of compensating gauge transfor¬ 
mations. It turns out that parameters of compensating gauge transformations for the 
isometry transformations generated by P + , T l , J 13 and three proper conformal transfor¬ 
mations generated by D and C are equal to zero 

a p+ = 0 , a T ‘ = 0 , a JlJ = 0 , a D = 0 , a c = 0 , (9.3) 

while the parameters corresponding to C l and K~ are given by 

a ci = -e“ ifx+ ^A*, a K ~ = . (9.4) 

Plugging the solutions parameters into (9.1) we can get desired transformations for physi¬ 
cal fields. The transformations corresponding to isometry generators P + , T l , -P 3 are given 
in (D.5)-(D.8) while the transformations corresponding to proper conformal generators 


D, C, C\ K are listed below. 

Proper conformal transformation of the physical spin 1 field A 1 : 

5 D A l = (£ D d + l)A\ (9.5) 

5 C A 1 = (£ c d - if e- 2iix+ )A l , (9.6) 

S^A* = (£ c ~ j d + if x j e~ iix+ )A i - e~ iix+ S ij A~ 

+iie- iix+ {x k A k S rj - PA j ) - ( « x ir±-;\j , (9.7) 

S K -A 1 = {f K ~d + x~)A* - x l A~ - ir-^ixPV) . (9.8) 

Proper conformal transformation of the scalar fields A M = (f> M : 

5d<P M = {f D d + l)<f M , (9.9) 

S C (f M = (fd - if e~ 2iix+ )(f M , (9.10) 

S c i<f M = (f ci d + if e - ifx V)</> M - e-' lix+ [(j) M , ^AP] , (9.11) 

5k- 4> M = {e~d + x~)cf M - [cf M , 4^4 • (9.12) 
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Proper conformal transformation of the physical spin 1/2 field, if®: 

5 D ip® = (f D d + 2)if® , (9.13) 

5 c ip® = (f c d - if e~ 2iix+ )ip® , (9.14) 

8 c iip ® = (£ c 'd + e' lfl+ (yf x l + ^f 7 *-V))i/i® + ie _lfl+ 7 _ V e + [^®, a c "], (9.15) 

<5/\-'0 e = (£ A 9 + 2x~)ip® + ^7~*aA0 e + [ip®, a R ] . (9.16) 

Solutions to the non-physical fields A~, ip® to be inserted in these expressions are given 
by (7.2), (7.4), while the expressions for Killing vectors in terms of differential operators 
f G d = e^drn are given in (5.19)-(5.22). Replacing in above given transformations rules 
the time derivatives of physical fields by the commutator with Hamiltonian (7.17) we get 
famous off-shell light cone realization of global symmetries. 


9.1 Supersymmetry transformations of physical fields 

Supersymmetry transformations of physical fields can be fixed by using the same proce¬ 
dure as in previous section. As before we start with general transformation rules (9.1) 
where the supersymmetry transformations of covariant fields on r.h.s. are given by ( 6 . 20 )- 
(6.22). Before to proceed to transformations of physical fields let us cast the transfor¬ 
mations rules of covariant fields into more convenient form. In light cone formalism it is 
convenient to divide explicitly the supersymmetry transformations into the ones gener¬ 
ated by supercharges 12® and 12 This can be made in a straightforward way by using 
formulas for 12 transformations given in (6.20)-(6.22). In transparent form supersymmetry 
transformations in basis formed by supercharges 12®, S~ take then the form 

C' 4 " = ■ < 9 - 17 > 

S™A“ = ie- a 7r(l + f A +! )e„- . (9.18) 

6 cov A r = i^yA*(ar 7 + + x y)e os _ , (9.19) 


. ( 9 . 20 ) 

8™ip = - e ~ iix+ F^ 7^(1 + ^*7 + *)e on _ + ife -ifx+ 0 M 7 M 7 + e Qn _ , (9.21) 

6™ip = If^ 7 ^(x“ 7 + + ^ 7 J )e os _ - 20 M 7 M e os _ , (9.22) 

where the constant parameters of transformations satisfy the constraints 

7 + W = 01 7'y- = 01 7"e os _ = 0 • (9.23) 

Now we plug these transformations rules on r.h.s. of (9.1) and from the requirement (9.2) 
we find solution to the parameters of compensating gauge transformations 

a n+ =0, . a S ~ = -y®7 +i *V • (9.24) 
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Plugging these compensating parameters into (9.1) we get the desired supersymmetry 
transformations of the physical fields A 1 = ( A l , A M = (p M ) and 


7W = < 9 - 25 > 

• r 

S n _A T = ie- iix+ ^ e ^ + +i )e on _ + D 1 oP~ , (9.26) 

5 s _A 1 = i(x _ '0®7 / 7 + + x^ e 7 i V)e 0S _ + , (9.27) 

= l -^ +7 W, (9-28) 

= e - ifa:+ (F + - + - ifF +J 7 J 7V)e ofi _ + [^®, a Q_ ], (9.29) 


5 S _^® = ((F +_ + ]p IJ F IJ )x^ k - 2x~F + j Y - 2 7 M 0 M )e o5 _ + a 5 "]. (9.30) 

The expressions for the non-physical held ■0© and gauge hxed held strengths to be inserted 
in these formulas may be found in (7.4),(8.36),(8.37). 


10 Conclusions 

To summarize, we have found the supersymmetric action for a D 3 brane probe propa¬ 
gating in plane wave Ramond-Ramond background. The action is given by (2.1)-(2.5) 
with the closed 5-form defining the WZ term given in (2.13). This action is world-volume 
reparametrisation invariant and ^-invariant. Its advantage is that it is manifestly invariant 
under the symmetries of plane wave vacuum: 30 bosonic isometries and 32 supersymme¬ 
tries. It does not have a particularly simple form when written in terms of the coordinates 
(x, 9), even using the closed expressions for the Cartan 1-forms in terms of 9 (see Appendix 

C). 

The action can be put in a more explicit form by imposing various kappa symmetry 
gauges. For instance to establish a connection to the abelian J\f = 4 SYM theory as 
discussed in the Introduction we 

(i) hx the ^-symmetry gauge in a way that simplifies the fermionic part of the action. 

(ii) hx the static gauge so that the D 3 probe is oriented parallel to the D 3 source. 

After fixing the local symmetry gauges only the bosonic seven isometry symmetries 

of 4 d plane wave background, the seven R-symmetries SO(2) x SO'(A), and 16 super¬ 
symmetries of the original symmetries remain unbroken, while the remaining 16 bosonic 
and 16 supersymmetries are broken and realized non-linearly. Interesting fact is that 
the number of unbroken space-time symmetries (seven isometry symmetries of 4 d plane 
wave background) is equal to the number of unbroken R-symmetries (seven symmetries 
of 50(2) x SO 1 (A)). Note also that the number of broken bosonic symmetries is equal to 
the number of broken supersymmetries. 

We developed the Hamiltonian light cone gauge formulation of plane wave SYM and 
demonstrated that in contrast to covariant and gauge invariant formulation the 3-point 
and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the same 
form as the ones of SYM in hat Minkowski space-time. 
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The results presented here should have a number of interesting applications and gen¬ 
eralizations, some of which are: 

1. In Refs. [20, 69] various improvements of the original BMN operators [3] were 
suggested. We expect that study based on analysis of conformal properties of plane wave 
SYM which we performed in this papers together with ideas and approaches of Refs. 
[70, 71] should allow us to derive BMN operators from first principles and fix their precise 
form. 

2. In this paper we develop light cone gauge formulation of plane wave SYM using 
field component formulation. As in flat space [72] the plane wave SYM could also be 
reformulated in terms of unconstrained light cone superfield. It would be interesting then 
to apply such superfield formulation to the study of BMN conjecture [3] along the line of 
Ref. [22]. 

3. The plane wave background (5.10) can be obtained from the Rx S 3 space-time via 
the Penrose limit. Indeed consider the line element of R x S 3 


ds 2 = — dt 2 + R 2 ( cos 2 Od^ 2 + d i/j 2 + sin 2 ddp 2 ), (10.1) 


where R is a radius of S 3 . Introducing the coordinates x ± , x l 


t = V 2 (Rx + 


x 

2^2 iR ’ 


-0 = \/2 ix + + 


x 

2 V2fR 2 ’ 



( 10 . 2 ) 


|a:| = ( x l x *) 3 / 2 , and taking the Penrose limit R —> 00 we get the line element of plane 
wave background (5.10). Making use of relations 

d t = —iH = —i— , d x + = -iH Lc , = -iE u . , d x - = ip + , <9 V , = iJ, (10.3) 

it 

we find then the relations between light cone energy Ei_ c . and momentum p + of (states) 
operators of plane wave SYM and conformal dimension A and angular momentum J of 
(states)operators of SYM in R x S 3 space-time 

E,.c. = V 2 f(A — J), p + = AXjL. (10.4) 

Taking into account these relations and interrelations of A and J with plane wave su¬ 
perstring energy and momentum p + found in [3] it seems highly likely that new duality 
[3] can be re-formulated as interrelations between light cone energies and p + momenta 
of (states) operators of 4 d plane wave SYM and (states) operators of lOd plane wave 
superstring theory 


E Lc {pw SYM) ~ E Lc ,(pw string), p + (pw SYM) ~ p + (pw string). (10.5) 


It is desirable to understand these interrelations better. 
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Appendix A Notation and conventions 

We use the following conventions for the indices: 


/i,z/,p = 0,1,., 

..,9 

h,DP = °, !, • 

..,9 

P,DP = 0 , i,. 

..,9 

I,J,K,L= 1,., 

..,8 

M, N, = 3,., 

..,8 

= 1, • 

..,4 

i',j'YY = 5 ,., 

..,8 


i,3,k,= !,2 

a, b = 0,1, 2, 9 


m, n = 0,1, 2, 9 
m, n = 0,1, 2, 9 
a, A 7 = !,•••, 16 
X,^= 1,2 


so(9,1) vector indices (tangent space indices) 

Sects. 2-4: coordinate indices of lOd plane wave background 
Sects. 5-9: coordinate indices of 4 d plane wavexi? 6 background 
so(8) vector indices (tangent space indices) 
so(6) vector indices (tangent space indices) 
so(4) vector indices (tangent space indices) 
so'(4) vector indices (tangent space indices) 
so(2) vector indices (tangent space indices) 

4-d D 3 brane world-volume coordinate indices 
4 d plane wave space-time coordinate indices 
so(3,1) tangent space indices 
so(9,1) spinor indices in chiral representation 
labels of the two real MW spinors 


We suppress the flat space metric tensor r/ /j;y = (—,+,...,+) in scalar products, i.e. 
X IJ Y IJ = r] /lp X fl Y u . We decompose x 1 - into the light cone and transverse coordinates: 
x- = (x + , x~,x J ), x 1 = (x\ x l ), where x ± = ^=(x 9 ± a; 0 ). The scalar products of tangent 
space vectors are decomposed as 

x> i y> 1 = x+y- + vy+ + X t Y t , X t Y t = XT* + XY'Y 1 ’ . (A.l) 


We use the chiral representation for the 32 x 32 Dirac matrices T A * in terms of the 
16 x 16 matrices Y 


P*= ° 7 " 

^ T o ) ’ 

YY + YY = 2 Y u , Y = (Y) af3 , 

Y = (1, Y, 7 9 ) > Y = (-1, Y, 7 9 ) , 


Y = Y/3 , 

a, /3 = 1, ••• 16 . 


(A.2) 

(A.3) 

(A.4) 


We adopt the Majorana representation for T-matrices, C = T°, which implies that all 
Y matrices are real and symmetric, Ya — Ypoo (Ya)* = lad- As i n [2] 7 All ’'' Mfc are the 
antisymmetrized products of k gamma matrices, e.g., (Y u ) a fi = |( YYYp ~ Y ^ u )i 
{Y v )oP = \(YY)<Y — Y u), (y ^) a/3 = YYYY) a/3 ± 5 terms. Note that ( 7 ^) Q P 
are antisymmetric in cc, f3 while ( 7 / '' 1 '" /i5 ) a/3 is symmetric. We assume the normalization 


In 


— p 0 p9 _ 




7°7 1 


, 7 V 


= I 


16 • 


(A.5) 


We use the following definitions 11“^ = ( 7 1 7 2 7 3 7 4 ) a / 3 , (IT) 0 ^ = (YYYYYp- Because of 
the relation YY = Y~ the normalization condition (A.5) takes the form 7 -1 fin' = 1. 
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The 32-component positive chirality spinor 9 and the negative chirality spinor Q are 
decomposed in terms of the 16-component spinors as 


9 = 





(A. 6 ) 


The complex Weyl spinor 9 is related to the two real Majorana-Weyl spinors 9 1 and 9 2 by 

(A.7) 

The short-hand notation like 9^f^9 and 7 ^9 stand for 0 ar y^9^ and 7 ^p9' 3 respectively. 


9 = ^(9 1 +i9 2 ), 9=^(9 1 -i9 2 ). 

a/2 ’ V2 ' 


Appendix B Plane wave Ramond-Ramond super¬ 
algebra 


Plane wave Ramond-Ramond superalgebra contains ten translation generators (in light 
cone frame P + , P~, P 1 , I = 1,.. . 8 ), eight Lorentz boosts J +I , six generators of 5'0(4) 
rotations, J l] , i,j — 1,... ,4, six generators of SO' (4) rotations, J l J , i',j' = 5,... ,8 and 
two sixteen component real-valued spinor Q J, I = 1, 2, a = 1,..., 16. In the 32 spinor 
component notation the Q T a correspond to two negative chirality Majorana-Weyl spinors 
(see (A. 6 )). Commutation relations between the even generators are given by 34 


{P~,P I ] = -f 2 J +I , (B.l) 

[P 1 , J +J } = —8 IJ P + , [P~, J +I } = P 1 , (B.2) 

[P\ J jk } = S ij P k - S ik P j , [P l \ J j ' k '} = 5 i,j 'P k ' - 8 i,k 'P j ', (B.3) 

[J+\ J jk ] = 8 ij J +k - 8 ik J +j , [J +i \ J j ' k '\ = 8 i,j 'j +k ' - 8 i,k 'j +j ', (B.4) 

[J ij , J kl ] = 8 jk J a + 3 terms , J k ' 1 '} = 8 yk ' J l ' v + 3 terms , (B.5) 

where f is a dimensionful parameter. 

Commutation relations between the even and odd parts are 


qD = rf *. y Y . «a = \ot,b ^'fc . (b. 

IJ +, ,Q x J = Iq Z 0( 7 + y«, [^.Qa = -y»Q7n 7 +7>‘)' 3 „. (B.7) 

The anticommutator takes the form 

+ if7 J ((T + T tf n)«„^ + (7 + 7 i ' i 'n')«^ i ' i j, (B.8) 

34 This algebra was found in [1] as an algebra of isometry symmetries of plane wave Ramond-Ramond 
solution of IIB supergravity. Derivation of this superalgebra from the super- AdS$ x S 5 algebra by the 
Inonu-Wigner contractions may be found in [25]. Discussion of the corresponding plane wave solution of 
lid supergravity is given in [73, 74]. Plane wave supermembrane and matrix theories were investigated 
in [75] and [76] (see also [77] for some related studies). 
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where 77 is defined in (C.3). All the other commutators and anticommutators vanish. The 
bosonic generators are assumed to be anti-hcrmitian while the fermionic generators are 
hermitian, (Q^y = Q The generators of the full transformation group G of the plane 
wave RR superspace are Q x , -P J , J l ■* , J +I ■ The generators of the stability subgroup 
H are J 13 , J 1 ' 3 ' , J +I . The plane wave RR superspace is defined then as coset superspace 
G/H. The specific choice of the representative of supercoset which we use frequently in 
this paper is given by 

G{x,6) =e x+p ~e x ~ p++xIpI e ealQ « . (B.9) 

Representation of the bosonic generators of plane wave superalgebra in terms of Killing 
vectors acting on the superspace (x + ,x~ ,x : ,9 aI ) defined by (B.9) takes the form 

P ± = d ± , (B.10) 

P 1 = coshr + <9 7 + f sin ix + x I d + — ^ sin hr + < 9^1 ( 7 +I ) a p6 i31 , (B.ll) 

J +I = d 1 — cos fx + x I d + + i cosfx + d ea z('y +I ) a j3 6 l3X , (B.12) 

J IJ = x I d J - x J d 1 + , (B.13) 

where just the so(4) © so'( 4) part of J IJ which is given by J VJ , J 1 ' 3 ’ enters the plane wave 

superalgebra. Complete expressions for fermionic generators Q x a are complicated and not 
illuminating. Leading terms of their expansion in fermionic coordinates are given by 

e 0 Q = e aI (x)dg a z - ie^ e(x) 7 "0^ + 0(Q 2 d e , © 3 ), (B.14) 


where the Killing spinor e(x) is defined by relation (2.23). In light cone gauge only the 
terms shown explicitly in (B.14) gives non-zero contribution to supercharge Q z a . In above 
expressions the fermionic partial derivatives are defined to be d 9a z = d/d6 aI and we use 
the following conventions for bosonic partial derivatives 


d + = d.= 


d 

dx~ 


d~ =d^ = 


d 


d 1 = d T = 


dx + ’ 


d 

dx 1 ' 


(B.15) 


Appendix C Basic relations for Cartan forms on 

coset superspace 

The left-invariant Cartan 1-forms L = dX— L A , X— = (x-,9 aI ) are defined by 


G~ l dG = U l pv + + L aI Ql , (C.l) 

where G = G(x, 9) is a coset representative plane wave supergroup. L M are the 10-beins, 
L aI , (L ai y = L aI , are the two spinor 16-beins and L ,1V (L +M = 0, L %3> = 0) are the Cartan 
connections. The two 16 component Cartan 1-forms L Ia and fermionic coordinates 9 Xa 
are combined into 2-vectors 


L Q = 


L la 

L 2a 



0 “ 


91a 

0 2a 



(C.2) 
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(C.3) 


Throughout this paper we use 2x2 matrices Ti, r 2 , r 3 defined to be 


Tl = 



T2 


0 

-1 



r 3 = 




Complex notation fermionic Cartan 1-forms L a , L a are defined as in (A.7). The Cartan 
1-forms satisfy the Maurer-Cartan equations implied by the basic symmetry superalgebra 


dL» = -IT A L v - iL 7 M A L , (C.4) 

dL = —IT'f' A L - Il"Uj + ^t 2 A L . (C.5) 

We note that we use the following sign conventions under permutations of Cartan 1-forms: 

U l A U = —L v A U l , U l A L a = -L a A LT , L a A L 0 = iP A L a . (C.6) 

It is often (while analysis of kappa -invariance and etc) useful to use the following expres¬ 
sions for the variations of Cartan 1-forms which are also implied by the structure of the 
basic symmetry superalgebra 

5L* = ddx^ + L v 5x^ + L^5x v + 2iLfA0, (C.7) 

5L = dSQ + ^ZAII 7 + fV 2 50 + ^L^^SG 

- ^<5>II 7 + fV 2 L - L • (C.8) 

where 

6x^ = 5X a L^ Sx llu = SX A L'X, SQ a = SX— L \. (C.9) 

A specific choice of G(x, 6) which we use in this paper is 

G = g(x)e eaXQ * , (C.10) 

where g(x) is a bosonic body of coset representative of, i.e. x = (x^) provides a certain 
parametrization of plane wave background which may be kept arbitrary. 35 Let us make 
the rescaling 6 —>td and introduce 

Lt(x,G) = IS(x,tG), L? u (x : tQ) = L» v (x,tQ) r L t (x,0) = L (x,tQ), (C.ll) 


with the initial condition 

U iU = e", L,.„ = 0, (C.12) 

where e M , a/ 1 ", = 0, cC- 7 =0, are the vielbeins and the Lorentz connections for plane 

wave RR background. Then the defining equations for the Cartan 1-forms are 

dtU = dS + -L^r v G + ^n 7 +fV 2 © , (C.13) 

ihlj; - —2i0o / 'L / , (C.14) 

d t L- % = -2if0f nr 2 L,, dtLf = -2if0f'nV 2 L t , (C.15) 

d t L\ j = 2if0 7 + 7 ^nr 2 L t , d t V[ j ' = 2if0 7 + 7 ©'nV 2 L t . (C.16) 


35 The use of a concrete parametrization for 6 is needed, however, to find the representation for the 
2-form F which enters the BI action (see below). As in the flat space case [33], F cannot be expressed in 
terms of the Cartan forms only. 
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While the relations (C.1)-(C.8) are valid in an arbitrary parametrization of the coset 
superspace, the relations (C.13)-(C.16) apply only in the parametrization of (C.10). The 
equations (C.13)-(C.16) can be solved in a rather straightforward way 


L = , V = e- - 2i0 , 

M M 1 

where covariant differential T>Q and matrix A4 are defined to be 


(C.17) 


D© = (d + 7+7^2) 0, (c. is) 

(M 2 ) XJa f} = -if ((n 7 +7 ^T 2 e) aI {eY){ + {'y +i e)° a { 0 T 2 fn)j + 'n ')$) 

+§ ((7 y » I )“(»T 2 7 + 7”n)^ + ( T ^V)“(er 2 7V 3 'n')^), (c. 19 ) 

Note that in many formal calculations it is more convenient to use directly the defin¬ 
ing equations (C.13)-(C.16) rather then the explicit solution above given (in complex 
parametrization this solution was given in [2]). 


Appendix D Action of conformal algebra symme¬ 
tries on physical fields 

In this Appendix we give more details about field theoretical realization of the conformal 
algebra generators and transformations rules of the SYM physical fields and extend these 
results to the case of plane wave massless arbitrary spin fields. Let us start our discussion 
with generators of isometry symmetries which are P®, T l , JY Plugging momentum 
and spin densities (8.9)-(8.13) into expressions (8.15)-(8.17) we get the following explicit 


representation for generators 

P+ = J d 3 x fr «9 + A 7 r 0 (P + )A 7 + ^® 7 +r 0 (P + )?/P , (D.l) 

V = Jd 3 x Tr d + A I r 0 (T i )A I + ^® 7 +r 0 (P l >® , (D.2) 

J fj = J d 3 x fr d + A L r 0 (J Vj )A L + ^® 7 +r 0 (J ij >® 

+ d + A*A* - d + A j A i + +i fy® , (D.3) 

where we use the following conventions for differential operators acting on the physical 
fields A 1 , ip® 

r 0 (P+) = d + , r 0 (T l ) = e' ifx+ (^ + ifPd+), r 0 (J Vj ) = x l d j - x j d l . (D.4) 

Making use of commutation relations (7.14),(7.15) we get the following transformations 
of fields under action of isometry symmetries generated by P® and T l 

[A 1 , P + ] = r 0 (P®)A J , ty>®, P + ] = r o (P + )'0® , (D.5) 
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(D.6) 


IA',T‘] =r 0 (T‘)A', [V>®,T‘] = r „(r)V>®. 

Action of isometry so(2) rotations generated by J lJ takes the form 

[A k , J Tj ] = 1 A ' + 6*A* - 5 kj A* , [< i> M , f j ] = r 0 ( J^)<j> M , (D.7) 

[i>®, J fj ] = {x l cP - xkf + ^>® . (D.8) 

Now we turn to discussion of the proper conformal generators and the transformations 
rules of the physical holds. Complete expressions for the generators and the transforma¬ 
tions are given in (8.19)-(8.22) and (9.5)-(9.16). Because we are going to consider an 
arbitrary spin held we restrict ourselves to the linear transformations, i.e. to the ones 
generated by parts of the generators which are quadratic in helds. Introducing notation 
G( 2 ) for parts of generators which are quadratic in physical helds and plugging momentum 
and spin densities (8.9)-(8.13) into expressions (8.19)-(8.22) we get the following explicit 
representation for generators 


D (2) = 

1 d 3 x Tr d + A I ro(D)A I + ^-0®7+ro(T ) )t/ ; ® , 

D( 2 ) = D , 

(D.9) 

C( 2) = ^ 

f d 3 xfr 9 + A / r 0 (C)A / + ^®7+r 0 (C')^® , 


(D.10) 

°(2) - ^ 

1"d 3 x Tr (d + A I r 0 (C l )A I + ^'0®7+r o (C re ) , 0®) 

+ e- iix+ {M^ + if AW) , 

(D.ll) 

A T 2 ) = . 

f d 3 xTr (d + A 1 (r 0 (K ) )A ! + 2 ^® 7 4 

'ro(K-)il>® - 0 2 ) + M^x* , 

(D.12) 


where we use the following notation for differential operators acting on the physical helds 


r 0 (D) 

= 2x 9® + xd , 

(D.13) 

ro(C) 

= e~ 2i{x+ ( 2 ^ + d 2 ifxd + f2 x 2 d + ), 

(0.14) 

r 0 (d) 

= e~ lix+ (x~d l + ^pa;*^ 2 + if(— ^x 2 d l + x\x~d + + xd))') , 

(D.15) 

r 0 (K- 

) = —- x 2 d 2 + x~(x~d + + xd). 

49+ 

(D.16) 


These differential operators are obtainable from the ones given in (5.19)-(5.22) my making 
the following substitution there 

9" -> — l —d 2 - -x 2 d + . (D.17) 

29+2 v ’ 

This substitution rehects simply the fact that we are using equations of motion in ex¬ 
pressions for generators. Making use of the commutation relations (7.14),(7.15) gives the 
following transformation rules under action of plane wave dilatation operator 

[A 1 , D] = (r 0 (D) + 1 )A Z , ty>®, D] = (■ r 0 (D ) + 2)^® . (D.18) 
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Appearance of the unusual factor 2 in transformation of fermionic field under action plane 
wave dilatation generator D (D.18) can be understood from the relation (5.26). 

Now we consider action of the remaining conformal transformations generated by (7, 
C l , and K~. We find that the transformations rules of the physical fields A 1 , 0® under 
action of the generator (7(2) take the same form: 

[A 7 , f7 (2) ] = (r 0 (<7) - \ie~ 2iix+ )A I , [0®, (7 (2) ] = (r 0 (<7) - ife“ 2ifa;+ )0® . (D.19) 

As to the transformations generated by (7( 2 ), and AW they take different form 


ak ^ „ . 

[A\ C{ 2) ] = (■ r 0 {C j ) + iix j e~' lix+ )A i + e - ifx+ (— + if x k )(8 ij A k - S ik A j ) , (D.20) 

q 2) ] = M<7*) + iix i e~ lix+ )(f) M , (D.21) 

[r,Cl 2) ] = (ro(C i ) + (A- + |fe i )e- fc+ + ie- 1, * + (| : + ife t )7)V-®, (D.22) 

[A y 2) ] = (r 0 (A—) +1- - A)A> + x’A^ia 1 - pA>) , (D.23) 

[<#■", A',2,1 = M/n + x-)4> u , (D.24) 

[0®, AT ( “)] = (tq(K~) + 2x + + -p. (D.25) 


These transformations can be cast however into a unifying form. To this end we introduce 
a new fermionic held 0® = {d ®) 1/,2, 0® and get the following transformations 

1 f)" 

[V 5 ®, C { 2) ] = (r 0 (<7*) + \ix i e~ lix+ + -e“ ifa:+ (— + iix k )f k )^ , (D.26) 

[^®> K {2)\ = (' r o( K ) + X 2 7 *^*^)^® , ( D - 27 ) 

which together with the transformations given in (D.18),(D.20),(D.21),(D.23),(D.24) can 
be generalized to arbitrary spin s plane wave massless held S s in a straightforward way 

[E S ,D] = (r 0 (D) + l)E a , (D.28) 

fjk 

[W, q 2) ] = MC*) + ifa7e _ifa:+ )S s + e~ iix+ (— + ifr fc )[S s , M ifc ] , (D.29) 

[s„ y- 2) ] = (r 0 (K-)+x~ - —)S s + I-—[s „M»] . (D.30) 

The transformations rules for the physical helds of SYM theory 0 M , A 1 , 0® are obtainable 
from these transformation by respective setting s — 0, s — 1, s — 1/2. The bracket 
[S s , M lJ ] denotes transformation of spin s held under action of spin part of generator 
of so(2) algebra J' J . For instance for spin s = 0 scalar held [0, M*/ = 0, while for spin 
s — 1/2 fermionic held [0®, M lJ ] = 1^*10®. Light cone gauge transformations rules of the 
spin s held S s under action of the generators P + , T\ C( 2 ) takes the same form as for the 
holds of SYM theory (see (D.5),(D.6),(D.19)). Light cone gauge equations motion for the 
held also take a simplified form □ S s = 0 (with □ given in (7.7)) . 
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